Change-point model for a sequence of
random variables with independent
Increments.
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Abstract

In this paper, we consider a sequence of random variables with
independent increments which can change their distribution at some
unknown instant. We use this model with two different data sets.
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1 Introduction

In the change-point literature, various authors have proposed different tests
for the detection of a change-point and in most of them the detection con-
cerns the mean. For the case of Poisson variables we can cite the pa-
pers of Raftery & Akman (1986), Simpkin & Downham (1988), Henderson
& Matthews (1993), Ghorbanzadeh & Lounes (1996) and West & Ogden
(1997).

Raftery & Akman (1986) proposed, a bayesian approach to the retrospective
analysis of a Poisson process with a single change-point at an unknown
time. They derived the posterior distribution for the parameters before and
after the change time, and derived tests of the existence of a change-point.
Simpkin & Downham (1988) have proposed a test of detection for Poisson
random variables, based on maximum likelihood ratio statistic; assuming the
change-point is fixed, they approximate the distribution of this statistic by a
x? distribution. Henderson & Matthews (1993) propose a classical model for
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Poisson random variables to detect changes in the annual number of cases
of haemolytic uraemic syndrome (HUS). They studied not only at most
one change but also multi-change. West and Ogden (1997) used the HUS
data for the estimation problem of change-points in a sequence of Poisson
random variables, they approached the problem by allowing the change to
range over a continuous time interval (0,7'), and derived a bayesian-based
interval estimator. Ghorbanzadeh & Lounes (1996) proposed two methods
for the detection of change-point for grouped Poisson random variables. The
first method is based on penalized maximum likelihood ratio statistic. The
second one uses a bayesian approach on the posterior distribution of change-
point parameter.

In this work, we consider a sequence of random variables X1,..., X, with
independent increments (i.e. X1, Xo—Xy,..., X, — X,,_1 independent) with
Poisson distributions. The independent increments Xq,..., X; — X;_1 fol-

low a Poisson distribution P(A) and the independent increments X, —
Xk, ..., X, — X, follow a Poisson distribution P(\ + %) where the pa-
rameters A\ and § are unknow. We propose the following test problem:

Ho: 0=0

(1)
H1 : (5750

2 Statistical Model

For testing the existence of the change-point we propose the statistic:

Ralk) = vir (P2 2k 2y @)

This model is a particular case considered in Chapter 2 of [3] with a different
methodology.

To study the behavior of R, under the hypotheses Hy and H; we have the
folowing lemma:

Lemma 1 Under Hy, we have :
1. X; ~P(i )
2. Cov(X;, X;) = min(i, j) A

Proof. Let Y1 = X; and fori =2,...,n Y; = X; — X;_1. From the fact
that Xy,..., X,, have independent increments, then the variables Yi,...,Y,



are independent and the variables Y7,...,Y;y ~ P(A) and Yjiq,...,Y, ~
PA+ %) In the other hand, we have :

and from this we deduce that

min(z,5) min(7,5)
Cov(X;, X;) =Cov [ > ¥, Y, | = min(i,5) A (4)
r=1 r=1

From (4), we have the following lemma

Lemma 2 Under Hy, and for some £,

E[R, (k)] =0
A
Vkl < k2 COV(Rn(kl), Rn(kg)) = ﬁ (5)
(=)
n n
A
Remark: From (4) we have: Var[R, (k)] = —— which is not bounded
Mo
n n

for k near n. In the rest of our paper, we will penalize the statistic R,, so
that the variance remains bounded for all values & (see [6]).

1 2
t
Let ¢ be a stepwise continuous fonction on [0, 1] that satisfies / <&t)> dt < oo
0

and )
Ry (k) = o() (1 =
From (5) we have : Vk; < ko

) R (k) (6)

Cov(Ry (1), B (1)) = o ,:) G
S
and )
k k
Var(RY (k) = w(n;so(l kn) )
5



We note that if we take ¢(t) =t , (6) can be written in the form:

Kn (k) = n=2(k X, — n Xy (8)
For any consistent estimator Ao de A, let

1
K, (k) = —= Kn (k)
VA,

We define {K% (¢); ¢ € [0,1]} as the linear interpolated process of the process
{Kr(k); 1 <k <n}.

Theorem 1 Under Hy, K} (#) converges in the sense of weak convergence of
the finite dimensional distributions to the Brownian Bridge B(t) = W () —
t W (1) where {W (t); t € [0, 1]} represent the Wiener process.

Proof. We can rewrite K, () as difference of two independent asymptoti-
cally gaussian processes. In the fact we have

[nt](n — [nt]) 1 1
- V- — Sy
Kn () n3/2 n—[nt] Z " nd] Z !
i=[nt]+1 i=1
where Y7, ...,Y, are defined in the proof of lemma 1. By using (7)we have
t t
Vit <t cov(Ealt), Ku(t)) = Ll -y )

Then
lim COV(IK; (tl) , IK:;(tQ)) =1 (1 — tg)

Now, for all t; < to, we have Cov(B(t1),B(t2)) = t1 (1 — t2) and also,
An oA m

n—oo

We have then the following corollaries.

Corollary 1 Under Hy, and for all n > 0, we have :
lim Pp, ( sup |K;(¢)| > n) = P (sup |B(t)] =) (10)
n—00 te[0,1] te[0,1]

Proof of corollary 1. Using the continuity of the function ” sup”, (cf.[2]),
on space C([0,1]).



Corollary 2 Let 7, = Arg sup |K (¢)] and 7 = Arg sup |B(t)|. Under Hy,
we have te[0,1] te[0,1]

LA (11)

n— 00

Proof of corollary 2. The proof is the same as the Lemma 2.1 of [5].

For the behavior under the hypothesis H; of K}, we have the following
results.

Lemma 3 Under Hy, and for all - = 1,...,n we have:
A if 1<i<k
K[X,] = 5 (12)
EX+(i—k(A+—) ifk+1<i<n
ND

Proof. Using (3), writing, X; in the following form :

)
S, if 1<i<k

.
—_

k i
SYi+ S Y ifk+tl<i<n
7j=1 j=k+1

Lemma 4 Under H;, and for all k; et ko we have :
)
EX+ (min(ky, ko) — k) A+ —) if min(ky, ko) > k
COV(Xkl,XkQ) = \/Ir_l

min(ky, ko) A otherwise 3
13

Proof. It is enough to note that from (3), for & < ky < ko, we have :

ZY+ZYeth2 ZY+ZY+ZY

j=k+1 j=k+1 j=k1+1
Theorem 2 Under Hy, K converges in the sense of weak convergence of

the finite dimensional distributions to the process B} defined by:

B () = (t/\r)(l—tVr)%JrB(t) (14)

where ¢t A 7 = inf{¢,7} and ¢t V 7 = sup{¢, 7}.



Proof. The same argument as in the proof of theorem 1 shows that K, (¢)
converge to gaussian process. From (12), for all ¢ € [0, 1] we have :

[n—;](l—[?:l—ﬂ)é if t<7r
E[Ky (8)] = (15)
%(1—[71—75])5 if t>71

Let t; < ty. By (13), if [nt1] < [nt9] < [nT]

Cov(F 1), K (1)) = ot (1 = P22 L el by 0
If [nt1] < [n7] < [nty]
Con(K (1), o (12)) = 2 (1= 22n o Pt g ey ) 2
If [n7] < [nt1] < [nty]
Cov(K (1), Kn (1)) = ") (1 - 2]
B [nts] [nt1] [n7]  [ntq] B [nT] 0
(1 n ) < n on + n n > vn
Hence
nhﬁr{olo COV(Kn (tl), Kn(tQ)) = tl (1 — t2) A N
3 Building the test
To build the test, we take as the rejection region
{tz}épu K5 ()] > n}
For a fixed « in [0, 1], by (10), tl’le level 7, is given by (see [9]) :
P (sup [B(#)] > na) = fj i+ (=2 (16)

te[0.1]

It is interesting to note that the proposed test has the same asymptotic
critical value as the Kolmogorov test.



By (14) we obtain the power of the test:

p(7) = P(tsup 1B (£)] = 71a) (17)

)

In the following applications, we estimate the power of the test by building
the percentiles table of (14) after replacing § and 7 by their estimate. This
construction is based on Monte Carlo simulation of the brownian bridge, for
this see [4].

4 Applications and Discussion

4.1 HSU case

In this section we apply the previous results to the data used by [7] and [11].
The data represent the number of haemolytic uraemic syndrome (HUS) cases
in Birmingham and Newcastle from 1970 — 1989.

In [7] the following model was used:

P\ ifi=1,...k
-Y;N
Pha) ifi=k+1,...,n

where Y; denotes the number of HUS cases for the year ¢ and P(\) is the
Poisson distribution with mean A. By using the Log-likelihood statistic, for
the at most one change point case they found that the change occurs at
k = 11 for the Birmingham data and k£ = 15 for the Newcastle data. In
[11] a Poisson process was used to suppress the hypothesis that the change
is an integer. They applied this to the Newcastle data to obtain (maximum
likelihood method), the value 7 = 14.944 which closely corresponds with the
estimate of 15 given by [7].

We have applied the model (1) by taking X; = Y] +...+Y;, where Y; is the
same as in [7].

Tn

For the Newcastle data, we have j\n = = 5.
n



klyk |z | KRR | K |y | 2 | K (K)]
1 6 6 0.1 11 | 4 27 2.8
2 1 7 0.3 12 |1 0 27 3.3
3 0 7 0.8 13 | 4 31 3.4
4 0 7 1.3 14 | 3 34 3.6
5 2 9 1.6 15| 3 37 3.8
6 0 9 2.1 16 | 13 | 50 3
7 1 ]10 2.5 17 | 14 | 64 2.1
8 8 | 18 2.2 18 | 8 72 1.8
9 4 | 22 2.3 191 9 81 1.4
10 1 | 23 2.7 20 | 19 | 100 0
Table 1. Newcastle results
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Figure 1: Graph of |K (k)| for the Newcastle data .

The maximum is obtained at k = 15, corresponding to the value of the
statistic |Kf(15)] = 3.8. For a = 5%, critical value is 7, = 1.36, then we
reject Hy. From (8), we obtain § = |K, (15)| = 8.50,which gives an order of
21% for the estimation of the power.

For the Birmingham data, we have An = In _ 5.65.
n



kElye | oe [ KGR ||k | ye | or | K5 (R)]
1 1|1 (043744 | 11| 4 | 18 | 4.1533
2|15 0.49858 || 12 | 0 | 25 | 4.0263
313 0.74787 || 13 | 4 | 36 3.523
4 |2 |11 ] 1.0912 || 14 | 3 | 40 | 3.6782
5 | 2 | 13| 1.4346 || 15 | 3 | 47 | 3.5512
6 | 1 | 14| 1.872 16 | 13 | 57 3.142
710 |14 24035 || 17 |14 | 73 | 2.1684
810 |14]| 2935 18 | 8 | 89 | 1.1947
9 | 2 |16 3.2784 || 19 | 9 | 98 | 0.87957
10 1 |17 | 3.7158 || 20 | 19 | 113 0
Table 2. Birmingham results
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Figure 2: Graph of |K* (k)| for the Birmingham data .

The maximum is obtained at k = 11, corresponding to the value of the
statistic |K* (11)| = 4.15. For a = 5%, critical value is 7, = 1.36, then we
reject Hy. From (8), we obtain 6 = |K, (11)| = 9.87,which gives an order of
41% for the estimation of the power.

We obtain the same point estimations for the AMOC case as in [7] and [11].



4.2 AIDS case

The Cuban case is an interesting one because the epidemiological informa-
tion is reliable, due to the existence of a centralized system, with a National
Reference Center that validates and confirms the new AIDS cases diagnosed,
at regular intervals. Also not only AIDS but also HIV infection is under a
mandatory report directive since 1985. This means that a high percentage
of the HIV infected persons are known to the Health System, and have spe-
cial medical care that makes the report of the dates of AIDS. In the case
of the AIDS epidemic in Cuba, we will look at the number of new AIDS
cases reported by semester since the start of the epidemic in 1986 [12]. If we
take the new AIDS cases in Cuba by semester, following [1], the data can
be regarded as independent Poisson random variables.

For this data, we have \, = o = 32.15.

sem-year | k | yr | xp | |[KS(k)| || sem-year | k | yr | zr | |K:(k)
1st 1986 | 1 1 1 1.0775 || 2nd 1992 | 14 | 37 | 179 | 9.3781
2nd 1986 | 2 4 5 2.0512 1st 1993 | 15 | 43 | 222 | 9.0029
1st 1987 | 3 3 8 3.0595 || 2nd 1993 | 16 | 39 | 261 | 8.7662
2nd 1987 | 4 8 | 16 | 3.8949 1st 1994 | 17 | 37 | 298 | 8.5985
1st 1988 | 5 6 | 22 | 4.7994 || 2nd 1994 | 18 | 55 | 353 | 7.8084
2nd 1988 | 6 8 | 30 | 5.6348 1st 1995 | 19 | 50 | 403 | 7.1912
1st 1989 | 7 3 | 33 | 6.6431 || 2nd 1995 | 20 | 66 | 469 | 6.0206
2nd 1989 | 8 | 10 | 43 | 7.4093 1st 1996 | 21 | 48 | 517 | 5.4725
1st 1990 | 9 | 12 | 55 | 8.1064 || 2nd 1996 | 22 | 51 | 568 | 4.8207
2nd 1990 | 10 | 16 | 71 | 8.6651 1st 1997 | 23 | 55 | 623 | 4.0306
1st 1991 | 11 | 20 | 91 | 9.0854 || 2nd 1997 | 24 | 74 | 697 | 2.5833
2nd 1991 | 12 | 17 | 108 | 9.6095 || 1st 1998 | 25 | 55 | 752 | 1.7931
1st 1992 | 13 | 34 | 142 | 9.5457 || 2nd 1998 | 26 | 84 | 836 0

Table 3. Cuban AIDS results

The maximum is obtained at k = 12, corresponding to the value of the
statistic |K%(12)| = 9.61. For a = 5%, critical value is 7, = 1.36, then we
reject Hy. From (8), we obtain § = |K, (12)| = 54.49,which gives an order
of 98% for the estimation of the power.

We find that there is a change-point that corresponds to the second semester

of 1991. This is consistent with what is known of the AIDS epidemic in Cuba.
There were some persons infected before 1981-82, but the transmission of

10
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Figure 3: Graph of |K* (k)| for the Cuban AIDS data.

the HIV virus started to establish itself in the period 1982-86. Considering
that the average incubation period was estimated at 9.2 years, an increase
of the number of new AIDS cases was to be expected at some time in the
period 1991-92. This is confirmed by our analysis of the data.

Taking into account the power, the model we propose in this paper, is best
adapted to the AIDS data than to the HSU data in the sens that in the
AIDS data case the jump is larger than in the two other cases.
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