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e ofrandom variables with independentin
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Dariush Ghorbanzadeh1 Ra
hid Lounes 2 H. de Arazoza3Abstra
tIn this paper, we 
onsider a sequen
e of random variables withindependent in
rements whi
h 
an 
hange their distribution at someunknown instant. We use this model with two di�erent data sets.Key words : 
hange-point, independent in
rements, Brownian Bridge, Kolmogorovtest.1 Introdu
tionIn the 
hange-point literature, various authors have proposed di�erent testsfor the dete
tion of a 
hange-point and in most of them the dete
tion 
on-
erns the mean. For the 
ase of Poisson variables we 
an 
ite the pa-pers of Raftery & Akman (1986), Simpkin & Downham (1988), Henderson& Matthews (1993), Ghorbanzadeh & Lounes (1996) and West & Ogden(1997).Raftery & Akman (1986) proposed, a bayesian approa
h to the retrospe
tiveanalysis of a Poisson pro
ess with a single 
hange-point at an unknowntime. They derived the posterior distribution for the parameters before andafter the 
hange time, and derived tests of the existen
e of a 
hange-point.Simpkin & Downham (1988) have proposed a test of dete
tion for Poissonrandom variables, based on maximum likelihood ratio statisti
; assuming the
hange-point is �xed, they approximate the distribution of this statisti
 by a�2 distribution. Henderson & Matthews (1993) propose a 
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Poisson random variables to dete
t 
hanges in the annual number of 
asesof haemolyti
 uraemi
 syndrome (HUS). They studied not only at mostone 
hange but also multi-
hange. West and Ogden (1997) used the HUSdata for the estimation problem of 
hange-points in a sequen
e of Poissonrandom variables, they approa
hed the problem by allowing the 
hange torange over a 
ontinuous time interval (0; T ), and derived a bayesian-basedinterval estimator. Ghorbanzadeh & Lounes (1996) proposed two methodsfor the dete
tion of 
hange-point for grouped Poisson random variables. The�rst method is based on penalized maximum likelihood ratio statisti
. These
ond one uses a bayesian approa
h on the posterior distribution of 
hange-point parameter.In this work, we 
onsider a sequen
e of random variables X1; : : : ;Xn withindependent in
rements (i.e. X1;X2�X1; : : : ;Xn�Xn�1 independent) withPoisson distributions. The independent in
rements X1; : : : ;Xk �Xk�1 fol-low a Poisson distribution P(�) and the independent in
rements Xk+1 �Xk; : : : ;Xn �Xn�1 follow a Poisson distribution P(� + Æpn) where the pa-rameters � and Æ are unknow. We propose the following test problem:8<: H0 : Æ = 0H1 : Æ 6= 0 (1)2 Statisti
al ModelFor testing the existen
e of the 
hange-point we propose the statisti
:Rn(k) = pn (Xn �Xkn� k � Xkk ) (2)This model is a parti
ular 
ase 
onsidered in Chapter 2 of [3℄ with a di�erentmethodology.To study the behavior of Rn under the hypotheses H0 and H1 we have thefolowing lemma:Lemma 1 Under H0, we have :1. Xi � P(i �)2. Cov(Xi;Xj) = min(i; j) �Proof. Let Y1 = X1 and for i = 2; : : : ; n Yi = Xi �Xi�1. From the fa
tthat X1; : : : ;Xn have independent in
rements, then the variables Y1; : : : ; Yn2



are independent and the variables Y1; : : : ; Yk � P(�) and Yk+1; : : : ; Yn �P(� + Æpn). In the other hand, we have :8i = 1; : : : ; n Xi = iXj=1 Yj (3)and from this we dedu
e thatCov(Xi;Xj) = Cov0�min(i;j)Xr=1 Yr ; min(i;j)Xr=1 Yr1A = min(i; j)� (4)From (4), we have the following lemmaLemma 2 Under H0, and for some k,E [Rn(k)℄ = 08k1 � k2 Cov(Rn(k1) ; Rn(k2)) = �k2n (1� k1n ) (5)Remark: From (4) we have: Var[Rn(k)℄ = �kn (1� kn) whi
h is not boundedfor k near n. In the rest of our paper, we will penalize the statisti
 Rn sothat the varian
e remains bounded for all values k (see [6℄).Let ' be a stepwise 
ontinuous fon
tion on [0; 1℄ that satis�es Z 10 �'(t)pt �2 dt <1and R?n;'(k) = '(kn)'(1 � kn)Rn(k) (6)From (5) we have : 8 k1 � k2Cov(R?n;'(k1) ; R?n;'(k2)) = '(k1n )'(1 � k1n )'(k2n )'(1 � k2n )k2n (1� k1n ) � (7)and Var(R?n;'(k)) = 0BB�'( kn)'(1 � kn)rkn (1� kn) 1CCA2 �3



We note that if we take '(t) = t , (6) 
an be written in the form:K n(k) = n�3=2(kXn � nXk) (8)For any 
onsistent estimator �̂n de �, letK ?n(k) = 1p�̂n K n(k)We de�ne fK ?n(t) ; t 2 [0; 1℄g as the linear interpolated pro
ess of the pro
essfK ?n(k) ; 1 < k < ng.Theorem 1 Under H0, K ?n(t) 
onverges in the sense of weak 
onvergen
e ofthe �nite dimensional distributions to the Brownian Bridge B(t) = W (t)�tW (1) where fW (t) ; t 2 [0; 1℄g represent the Wiener pro
ess.Proof. We 
an rewrite K n(t) as di�eren
e of two independent asymptoti-
ally gaussian pro
esses. In the fa
t we haveK n(t) = [nt℄(n� [nt℄)n3=2 0� 1n� [nt℄ nXi=[nt℄+1Yi � 1[nt℄ [nt℄Xi=1 Yi1Awhere Y1; : : : ; Yn are de�ned in the proof of lemma 1. By using (7)we have8t1 � t2 
ov(K n(t1) ; K n(t2)) = [nt1℄n (1� [nt2℄n ) � (9)Then limn!1Cov(K ?n(t1) ; K ?n(t2)) = t1 (1� t2)Now, for all t1 � t2, we have Cov(B(t1); B(t2)) = t1 (1 � t2) and also,�̂n P�!n!1 � �We have then the following 
orollaries.Corollary 1 Under H0, and for all � � 0, we have :limn!1PH0 ( supt2[0;1℄ jK ?n(t)j � �) = P ( supt2[0;1℄ jB(t)j � �) (10)Proof of 
orollary 1. Using the 
ontinuity of the fun
tion "sup", (
f.[2℄),on spa
e C([0; 1℄). 4



Corollary 2 Let �̂n = Arg supt2[0;1℄ jK ?n(t)j and � = Arg supt2[0;1℄ jB(t)j. UnderH0,we have �̂n P�!n!1 � (11)Proof of 
orollary 2. The proof is the same as the Lemma 2.1 of [5℄.For the behavior under the hypothesis H1 of K ?n , we have the followingresults.Lemma 3 Under H1, and for all i = 1; : : : ; n we have:K [Xi ℄ = 8>><>>: i � if 1 � i � kk �+ (i� k) (� + Æpn) if k + 1 � i � n (12)Proof. Using (3), writing, Xi in the following form :Xi = 8>>>>><>>>>>: iPj=1Yj if 1 � i � kkPj=1Yj + iPj=k+1Yj if k + 1 � i � nLemma 4 Under H1, and for all k1 et k2 we have :Cov(Xk1 ;Xk2) = 8>><>>: k �+ (min(k1; k2)� k) (�+ Æpn) if min(k1; k2) � kmin(k1; k2)� otherwise (13)Proof. It is enough to note that from (3), for k � k1 � k2, we have :Xk1 = kXj=1 Yj + k1Xj=k+1Yj et Xk2 = kXj=1 Yj + k1Xj=k+1Yj + k2Xj=k1+1 Yj:Theorem 2 Under H1, K ?n 
onverges in the sense of weak 
onvergen
e ofthe �nite dimensional distributions to the pro
ess B?� de�ned by:B?� (t) = (t ^ �) (1 � t _ �) Æp� +B(t) (14)where t ^ � = infft; �g and t _ � = supft; �g.5



Proof. The same argument as in the proof of theorem 1 shows that K n(t)
onverge to gaussian pro
ess. From (12), for all t 2 [0; 1℄ we have :E [K n(t)℄ = 8>>><>>>: [nt℄n (1� [n� ℄n ) Æ if t � �[n� ℄n (1� [nt℄n ) Æ if t � � (15)Let t1 � t2. By (13), if [nt1℄ � [nt2℄ � [n� ℄Cov(K n(t1);K n(t2)) = [nt1℄n (1� [nt2℄n )�+ [nt1℄n [nt2℄n (1� [n� ℄n ) ÆpnIf [nt1℄ � [n� ℄ � [nt2℄Cov(K n(t1);K n(t2)) = [nt1℄n (1� [nt2℄n )�+ [nt1℄n (1� [nt2℄n ) [n� ℄n ÆpnIf [n� ℄ � [nt1℄ � [nt2℄Cov(K n(t1);K n(t2)) = [nt1℄n (1� [nt2℄n )�+(1� [nt2℄n ) � [nt1℄n [n� ℄n + [nt1℄n � [n� ℄n � ÆpnHen
e limn!1Cov(K n(t1);K n(t2)) = t1 (1� t2) � �3 Building the testTo build the test, we take as the reje
tion regionf supt2[0;1℄ jK ?n(t)j � �gFor a �xed � in [0; 1℄, by (10), the level �� is given by (see [9℄) :P ( supt2[0;1℄ jB(t)j � ��) = 2 1Xj=1(�1)j+1 e�2 j2 �2� (16)It is interesting to note that the proposed test has the same asymptoti

riti
al value as the Kolmogorov test.6



By (14) we obtain the power of the test:p(�) = P ( supt2[0;1℄ jB?� (t)j � ��) (17)In the following appli
ations, we estimate the power of the test by buildingthe per
entiles table of (14) after repla
ing Æ and � by their estimate. This
onstru
tion is based on Monte Carlo simulation of the brownian bridge, forthis see [4℄.4 Appli
ations and Dis
ussion4.1 HSU 
aseIn this se
tion we apply the previous results to the data used by [7℄ and [11℄.The data represent the number of haemolyti
 uraemi
 syndrome (HUS) 
asesin Birmingham and New
astle from 1970 � 1989.In [7℄ the following model was used:Yi � 8<: P(�1) if i = 1; : : : ; kP(�2) if i = k + 1; : : : ; nwhere Yi denotes the number of HUS 
ases for the year i and P(�) is thePoisson distribution with mean �. By using the Log-likelihood statisti
, forthe at most one 
hange point 
ase they found that the 
hange o

urs atk = 11 for the Birmingham data and k = 15 for the New
astle data. In[11℄ a Poisson pro
ess was used to suppress the hypothesis that the 
hangeis an integer. They applied this to the New
astle data to obtain (maximumlikelihood method), the value � = 14:944 whi
h 
losely 
orresponds with theestimate of 15 given by [7℄.We have applied the model (1) by taking Xi = Y1+ : : :+Yi, where Yi is thesame as in [7℄.For the New
astle data, we have �̂n = xnn = 5.
7



k yk xk jK ?n(k)j k yk xk jK ?n(k)j1 6 6 0.1 11 4 27 2.82 1 7 0.3 12 0 27 3.33 0 7 0.8 13 4 31 3.44 0 7 1.3 14 3 34 3.65 2 9 1.6 15 3 37 3.86 0 9 2.1 16 13 50 37 1 10 2.5 17 14 64 2.18 8 18 2.2 18 8 72 1.89 4 22 2.3 19 9 81 1.410 1 23 2.7 20 19 100 0Table 1. New
astle results
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Figure 1: Graph of jK ?n(k)j for the New
astle data .The maximum is obtained at k = 15, 
orresponding to the value of thestatisti
 jK ?n(15)j = 3:8. For � = 5%, 
riti
al value is �� = 1:36, then wereje
t H0. From (8), we obtain Æ̂ = jK n(15)j = 8:50,whi
h gives an order of21% for the estimation of the power.For the Birmingham data, we have �̂n = xnn = 5:65.8



k yk xk jK ?n(k)j k yk xk jK ?n(k)j1 1 1 0.43744 11 4 18 4.15332 5 6 0.49858 12 0 25 4.02633 3 9 0.74787 13 4 36 3.5234 2 11 1.0912 14 3 40 3.67825 2 13 1.4346 15 3 47 3.55126 1 14 1.872 16 13 57 3.1427 0 14 2.4035 17 14 73 2.16848 0 14 2.935 18 8 89 1.19479 2 16 3.2784 19 9 98 0.8795710 1 17 3.7158 20 19 113 0Table 2. Birmingham results
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Figure 2: Graph of jK ?n(k)j for the Birmingham data .The maximum is obtained at k = 11, 
orresponding to the value of thestatisti
 jK ?n(11)j = 4:15. For � = 5%, 
riti
al value is �� = 1:36, then wereje
t H0. From (8), we obtain Æ̂ = jK n(11)j = 9:87,whi
h gives an order of41% for the estimation of the power.We obtain the same point estimations for the AMOC 
ase as in [7℄ and [11℄.9



4.2 AIDS 
aseThe Cuban 
ase is an interesting one be
ause the epidemiologi
al informa-tion is reliable, due to the existen
e of a 
entralized system, with a NationalReferen
e Center that validates and 
on�rms the new AIDS 
ases diagnosed,at regular intervals. Also not only AIDS but also HIV infe
tion is under amandatory report dire
tive sin
e 1985. This means that a high per
entageof the HIV infe
ted persons are known to the Health System, and have spe-
ial medi
al 
are that makes the report of the dates of AIDS. In the 
aseof the AIDS epidemi
 in Cuba, we will look at the number of new AIDS
ases reported by semester sin
e the start of the epidemi
 in 1986 [12℄. If wetake the new AIDS 
ases in Cuba by semester, following [1℄, the data 
anbe regarded as independent Poisson random variables.For this data, we have �̂n = xnn = 32:15.sem-year k yk xk jK ?n (k)j sem-year k yk xk jK ?n (k)j1st 1986 1 1 1 1.0775 2nd 1992 14 37 179 9.37812nd 1986 2 4 5 2.0512 1st 1993 15 43 222 9.00291st 1987 3 3 8 3.0595 2nd 1993 16 39 261 8.76622nd 1987 4 8 16 3.8949 1st 1994 17 37 298 8.59851st 1988 5 6 22 4.7994 2nd 1994 18 55 353 7.80842nd 1988 6 8 30 5.6348 1st 1995 19 50 403 7.19121st 1989 7 3 33 6.6431 2nd 1995 20 66 469 6.02062nd 1989 8 10 43 7.4093 1st 1996 21 48 517 5.47251st 1990 9 12 55 8.1064 2nd 1996 22 51 568 4.82072nd 1990 10 16 71 8.6651 1st 1997 23 55 623 4.03061st 1991 11 20 91 9.0854 2nd 1997 24 74 697 2.58332nd 1991 12 17 108 9.6095 1st 1998 25 55 752 1.79311st 1992 13 34 142 9.5457 2nd 1998 26 84 836 0Table 3. Cuban AIDS resultsThe maximum is obtained at k = 12, 
orresponding to the value of thestatisti
 jK ?n(12)j = 9:61. For � = 5%, 
riti
al value is �� = 1:36, then wereje
t H0. From (8), we obtain Æ̂ = jK n(12)j = 54:49,whi
h gives an orderof 98% for the estimation of the power.We �nd that there is a 
hange-point that 
orresponds to the se
ond semesterof 1991. This is 
onsistent with what is known of the AIDS epidemi
 in Cuba.There were some persons infe
ted before 1981-82, but the transmission of10
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Figure 3: Graph of jK ?n(k)j for the Cuban AIDS data.the HIV virus started to establish itself in the period 1982-86. Consideringthat the average in
ubation period was estimated at 9.2 years, an in
reaseof the number of new AIDS 
ases was to be expe
ted at some time in theperiod 1991-92. This is 
on�rmed by our analysis of the data.Taking into a

ount the power, the model we propose in this paper, is bestadapted to the AIDS data than to the HSU data in the sens that in theAIDS data 
ase the jump is larger than in the two other 
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