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Propagation d’incertitude pour les
équations de Navier—Stokes



Aim and context

AIM: develop an uncertainty propagation tool and integrate it into the TRUST code.

uncertain
initial condition

>

0 {

Ideal properties: Sensitivity Equation Method
» computationally affordable v
» requires minimal code development v X
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Sensitivity Analysis

Sensitivity analysis (SA) : study of how changes in the inputs of a model affect the
outputs

—_> output SenSItIVIty .
¥ (state) ou _

> =

input .
parameters
a | u
Continuous sensitivity equation (CSE) method :

@tu+£(u)=f Q, t >0

+ Initial and boundary conditions.
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State and sensitivity equations

4A
The Navier—Stokes equations : Domain : 9(y) = zy(l —y)
Yy
fﬁtu—vAu—F(u-V)quVp:f O, t>0, ¢4 Feop
VU_:O Q7t>07 Fobst [Z_Td
I'f,, d T,
u(x,0) =0 Q,t =0, i B t
< 2
u= _g(y)n o1n Fina 0+
I‘bottom
u=_0 on I, : X
0 D L T
(»Vu—pl)n=0 on I'yy:.

Fw — I‘obst U I‘top U FbottO'm

The sensitivity equations :

(Ou, — VAU, + (ug - V)u + (u- V)u, + Vp, 0, f\é‘f 5 A
V-u, =0 0.t> 0. a = Cal T CaVAU

< u,(x,0) =0 Q,t =0, Remark : these are
u, = —¢,(y)n on I';,, known as the Oseen
u, =0 on Ty, equations.

| (vVu, —pgl)n =0 on I',,+.
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Spatial discretisation

The code TRUST TrioCFD is based on a finite elements volumes method (FEV).

Ingredients:

T triangulation of the domain Q
K, eT, triangles j =1,..., Nt
x;, hodes 1 =1,..., Ny

w; control volume

Spaces:

Qn =1qn : VK € Th, qn|x € Po(K)},
Vi = {wy, continuous in x; : VK € Ty, wy|k € P1(K)},

Vi = {wy = (wx,wy)t LWy, Wy € Vit

Basis functions : ¢i(x;) = 0, ; for Vi
XK for Qp

Remark : V,, & H'(Q)
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Spatial discretisation

AU+ B*P+ L(U)U =F
BU =D

AU, + B'P, +[L(U,)U + L(U)U, = F,

BU, =D,
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Validation of the CSE method

Test case description

Fout

Fbottom,

Uncertain parameter a = A
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Validation of the CSE method

Results

err(u) = u(x, T;a + da) —u(z, T;a) — daug(z,T;a) ~ O(da®)

| 1073 | — Jlerr(uf)|| = -

1 el

i 04| - O(6a?) |

| w0 i

11076} 5
10—7 = E

| \ - \
102 101 102 1071
da oa

The symbol o corresponds to a finer mesh (h=0.001), the symbol e to the
coarser one (h=0.002).
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Uncertainty quantification

Let a be a gaussian random vector, with the following average and variance:

_ _ i 031 cov(ai,as) ... cov(ai,ap)]
Mf‘l cov(ai, as) 022 ... cov(ag,apnr)
Ha = y Oa — . )
e 2
cov(ai,an) . o ]

Clx = |[ux —d(ox),ux +d(ox)]
P(XeCIx)>1—a

Aim: determine a confidence interval

Monte Carlo approach: N samples of the state X,
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Uncertainty quantification

Sensitivity approach: let us Consider the following first order Taylor expansion

X(a) = X (pa) + Z — fia;) Xa; (pta) + o([la — pa )
Then, computing, the average one has:
M
px = E[X(a)] = X (pa) + ) X, (1a) Elai — pta;] = X (pta),
1=1

And for the variance:

0% = E[(X(a) — px)?] = E (Z X, (fta) (s — w) -

= ZXaz pa)E — Ha;)?] + Z Xa,;(pa)Xa; (ta) El(ai — pa;)(aj — pay)]-
Z;;J;é:jl

Therefore, we have the following first order estimates:
M M
Ux = X(,ua), O'gf — ZXiO’?Li + Z Xal.XajCOV(CL@',CLj).

i=1 i,j=1
V£
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Steady test case

: uncertain
Domain : parameter
g(y) — £y<£ _ y) 104 Pdf of random variable A
T2 ‘ | | | |
Y s
e 1 Ftop 4t |
4—d
I‘obst 2 3 |
F " D id I‘out
e .| *
O__
Fbottom Ll 7
6 fUID Iz
0 |

Fw — Fobst U Ftop U Fbottom .‘ .‘ ‘ ,‘ ,‘
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Steady test case

Steady case : x-component of the velocity and its sensitivity

y axis
0.6
0o 0.3
State gz .: 0.225
0.0 0.15
0.1 0.075
. . 0
0.5 1 1.5 X axis
y axis
0.6
0.5
04 .— 1.252
Sensitivity 0.3 - 0.8986
0.2 0.5448
0 0.191
-0.1629
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Steady test case

Steady case : pressure and its sensitivity

State - 0.2025
0.135
0.00675
0
0.5 1 1.5 X axis
y axis |

0.6 -

0.5

0.4

Sensitivity 0.3

0.2
0.1 1
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Steady test case

Confidence interval for u, L0-2 Confidence interval for u, _$onfidence interval for the pressure
\ \ \ 2 - 0 T T = . \ \
— SA
— MC
- a Tr :
0.2| : L
0 - 6l ]
0.1} i
1! -
5 - |
0 - |
| | | | _2 - | | | | — | | | |
0 0.2 0.4 0.6 0 0.2 0.4 0.6 0 0.2 0.4 0.6
Y Y
Confidence interval for u, ) Confidence interval for u, .10—20 onfidence interval for the pressure
10~
‘ ‘ ‘ : : I I I I — SA
a2l - — MC
0.3 : 21 i
0 - |
—92| -
0.25 |- 2
1 - ]
—4| -
0.2} . —6 |
0 - ]
\ \ \ \ | -8 \ \ \ ] ‘ ‘ ‘ ‘ ‘
0 0.5 1 1.5 2 0 0.5 1 1.5 2 0 0-5 1 15 2
T T v
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Unsteady test case

: uncertain
Domain : parameter
g(y) — £y<£ _ y) 104 Pdf of random variable A
T2 ‘ | | | |
Y s
e 1 Ftop 4t |
4—d
I‘obst 2 3 |
F " D id I‘out
e )| *
O__
Fbottom Ll 7
0 2p —,
0 |

Fw — Fobst U Ftop U Fbottom .‘ _‘ ‘ _‘ ,‘
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Unsteady test case

State in x = (1,0.35) —V

fr\' '(\' \ N F ‘.\ B ! N \ clh'l
f "n |I \ .', \ f '. [ r\' & ) |.. \ "r\] o )
G (O B \

y
0.6} \ l" | ll l' |". I' 0" '
0.6 ﬂ LY 7 T Hu‘ vV VOV

0.5 "‘ 0.4
& a i a a M
A 0 VR 0 T VI S
0.2 ' l.‘ 1R I 0' ‘l " | |' ' l"

0.4
u ﬂ 6 T |
031 |' | [ ] (1 | | |
Ok ] | - | P |l [ |
0.2 | ,' | i | il |
_ | |
0.1 0.2 'lu | ". | '.l |' ." | |.| I| ||n
e —— 04 J W/ '»,_,"| |'.__»" 'n._/"l "._,»'.
0 1 2 3 4
t

06T
0.5t

037

0.2+
0.1+t
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Filtering procedure

It is reasonable to assume that the velocity behaves as follows:
N

u(x,tja) =~ Y ugk(x;a) cos(wy(a)t).

By differentiating this with respect to the parameter of interest, one obtains the following
behaviour for the sensitivity:

Bornée Non bornée

(x,%;a) Z U o k(X;a)[cos(wg(a)t) —

sensibilité sensibilité
de 'amplitude de la fréquence

We propose a filter to recover the first part of the sensitivity:.
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Filtering procedure

10

—10

u¥ in x = (1,0.35)

—— Unfiltered
—— Filtered W
’\\a
| | | |
1 2 3 4

u? in x = (1,0.35)
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0.5

—0.5

u?f in x = (0.6,0.35)

M

<

uf in x = (1,0.2)

u¥ in x = (1,0.2)
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Confidence intervals with filtered sensitivities

Confidence interval for u* in x = (1,0.35)

Confidence interval for 4* in x = (0.6,0.35)

Confidence interval for 4* in x = (1,0.2)

T T —-0.14 T |
0.65 —0.15
0.6 | —0.16
0.55 | =0.17
- —0.18
0.45 _0.19
04 | | | | | | | | | | | | | | | | | | | | |
0 0.2 04 06 0.8 1 1.2 14 0 0.2 04 06 0.8 1 1.2 14 0.2 04 06 0.8 1 1.2 14
t t t
Confidence interval for u¥ in x = (1,0.35) Confidence interval for u¥ in x = (0.6, 0.35) Confidence interval for u¥ in x = (1,0.2)
- I I I I I I I
0.2 -
0.1
0 |
—0.1 -
| | | | | | | | | |
0.2 04 06 0. ) 0.2 04 06 0.8 1 1.2 14
t t t
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Analyse de sensibilite pour des
équations hyperboliques non linéaires



Standard techniques of sensitivity analysis

Standard technigques of sensitivity analysis call for the differentiation of the state system:

5,U+0,F(U)=0 Qx (0,T),
U(:U,O) — g(:l?) €2,

[1] Bardos, C., Pironneau, O. (2002). A formalism for the differentiation of conservation laws. Comptes Rendus
Mathematique, 335(10), 839-845.
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Standard techniques of sensitivity analysis

Standard technigques of sensitivity analysis call for the differentiation of the state system:

8, U, + 0,F.(U,U,) =0 §x(0,7), | For the Burgers’ equation:
Ua’(x’ O) - ga(ﬂj) Q’ Fa(U7 Ua) = UUg,

This can be done under hypotheses of regularity of the state U [1].

It these techniques are applied to hyperbolic equations, Dirac delta functions will appear
In the sensitivity.

[1] Bardos, C., Pironneau, O. (2002). A formalism for the differentiation of conservation laws. Comptes Rendus
Mathematique, 335(10), 839-845.
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Definition of the source term

In order to have a sensitivity system which is valid also when the state is discontinuous,
we add a correction term [2]:

0, U, + 0,F, (U, U,) =S Qx (0,T),
U,(x,0) = g.(x) Q,

defined as follows: _ L
number of discontinuities

(x @ t)), position of the k-th discontinuity

amplitude of the k-th correction
(to be computed)

Remark: a shock detector is necessary to discretise such source term.

[2] Guinot, V., Delenne, C., Cappelaere, B. (2009). An approximate Riemann solver for sensitivity equations with
discontinuous solutions. Advances in Water Resources, 32(1), 61-77.

Camilla Fiorini Séminaire MI2N 25/ 58




The Riemann problem for Euler equations

The Euler equations are: Eigenvalues: Eigenvectors:
( Orp + Oz (pu) = 0, M(U) =u—c, ri(U) = (1,u—c,H—uc)t,
{ Or(pu) + Ou(pu® + p) =0, A2(U) = u, ro(U) = (1Lu, 5 )",
L O(pE) + 0 (u(pE +p)) =0, A(U)=u+ec.  r3(U)=(1,u+ec H+ uc).

Genuinely nonlinear
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The Riemann problem for Euler equations

The Euler equations are: Eigenvalues: Eigenvectors:
( 8tp+ax(pu) = 0, )\1(U) — U — C, I‘1(U) — (17u_ch_uc)t7
{ Or(pu) + Ou(pu® + p) =0, A2(U) = u, ry(U) = (Lu, %),
L O(pE) + 0 (u(pE +p)) =0, A(U)=u+c.  r3(U)=(1,u+c, H+uc)

Linearly degenerate
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The Riemann problem for the sensitivity equations

The sensitivity system is: Eigenvalues:
[ Oipa + 0z (pu)q = S, AM(U)=u—c,
$ Oi(pu)q + Oz (pau® + 2pung + pg) = Sa, A2(U) = u,
L Ot(pE)a + Ox(ua(pE + p) + u((pE)a + pa)) = Ss, A3(U) =u+c.
T 4 T 4
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Classical numerical schemes

Godunov-type schemes

Step O : initial data discretisation
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Classical numerical schemes

Godunov-type schemes

Step O : initial data discretisation

Step 1 : solution of a Riemann problem for each interface z;_1,2 obtaining v(x,¢"*")
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Classical numerical schemes

Godunov-type schemes

Step O : initial data discretisation

Step 1 : solution of a Riemann problem for each interface z;_1,2 obtaining v(x,¢"*")

1 Lj4+1/2
Step 2 average V;Hl = A_/ V(a:,t”“)da:
X

Lj—1/2

t/\ | |
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Classical numerical schemes

Godunov-type schemes

approximate Riemann
Step O : initial data discretisation solvers are used

Step 1 : solution of a Riemann problem for each interface z;_1,2 obtaining v(x,¢"*")

1 Lj4+1/2
Step 2 average V;Hl = A_/ V(a:,t”“)da:
X

Lj—1/2

t/\ | |

\4
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Classical numerical schemes

IOPL (ZIJ,T)
| | |
2 | —— Numerical S =0 N

—_ Exact

0.0 -

—0.5 -

| |

| |
0 0.2 0.4 0.6 0.8 1
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Classical numerical schemes

ppL(fEaT)
| IU
0 Y -
| |
04 V :
| | | |

| |
0 0.2 0.4 0.6 0.8 1
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Classical numerical schemes

IOPL (ZIJ,T)
| |
O . ]
—0.2 | =
— Exact
—— 15! order - HLLC
—0.4} —— 924 order - HLLC | |
| | \ \ \

|
0 0.2 0.4 0.6 0.8 1
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Isolated shock for the p-system

| 7 (e, T) u(x,T)
05 |— Exact . —L.51 |
Godunov
—— Roel
—— Roe Il 9
0.4 = e N
03| - —25 =
0.2 N -3 N
| | | | | | | | | | | |
0 0.2 04 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
| - Tl T) ta (2, T)
11 _Va | 0 a
0.8} - -2 :
4l |
0.6 | 5
6L |
04| N
8l |
0.2 N
—10 V |
O | |
| | | | | | | | | | | |
0 0.2 04 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
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Scheme without numerical diffusion

Step O : initial data discretisation

Step 1 : solution of the Riemann problems, one for each interface

Step 2 M
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Scheme without numerical diffusion

Step O : initial data discretisation
Step 1 : solution of the Riemann problems, one for each interface

Step 2 : definition of a staggered mesh on which the average is performed [4]

\4

Lj+1/2 X

Tj_1/2 = Tj—1/2 + 0j_1/2At

[4] Chalons, C., Goatin, P. (2008). Godunov scheme and sampling technique for computing phase transitions in traffic flow
modeling. Interfaces and Free Boundaries, 10(2), 197-221.
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Scheme without numerical diffusion

Step O : initial data discretisation
Step 1 : solution of the Riemann problems, one for each interface
Step 2 : definition of a staggered mesh on which the average is performed

Step 3 : projection on the initial mesh [5]

Uj— Uj Ujta

j—1 if o € (O, % max(aj_l/g, O)) ]
if a € [ﬁ—; max(aj_l/g, O), 1+ ﬁ_i Il’lil’l(O'j_|_1/2, O)) )

s
|
=R=N=

Ut ifae 1+ 2Lmin(oj11/9,0),1).

a ~ U([0,1])

[5] Glimm, J. (1965). Solutions in the large for nonlinear hyperbolic systems of equations. Communications on pure and
applied mathematics, 18(4), 697-715.
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p(z,T)
| | |
1 |
0.8
0.6
04|
— Exact \
02| |—— First order
—— First order AD
| | | | |
0 0.2 0.4 0.6 0.8
fhn;cﬁvjr)
| | |
0 |
|
—0.2
—04
| | | | |
0 0.2 0.4 0.6 0.8
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u(xz,T)

0.2 04 06 0.8
upL (IvT)
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].
0‘2 014 0‘6 018
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p(x,T)
| |
025| \ +
0.2 =
0.15 | — Exact .
——  First order k
—— First order AD
| | | | |
0.64 0.65 0.66 0.67 0.68 0.69 0.7
IOPL (CI?, T)
I I I
= —
0.1 / V |
0.05 5
1 X
| | | |
0.6 0.62 0.64 0.66 0.68
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Numerical results

u(xz,T)

1 - \ \ \ —
0.8 \ N
0.6 | N
0.4 N
0.2 \ n

0 -

| | | | |
0.64 065 0.66 067 068 069 0.7
Upyp, (:Ev T)
\ \ \
06| J |
0.4 N
0.2 n
O -
| | | | |
04 045 05 055 06 065 0.7
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102

103

1074

102

1073

Hpewcxajv T

—— Roel
—— Roell
| —m— Roe I AD

| —=— Roe IT AD

p(m7T)|’L1(O,1)

1075

!pex (z,T) —

104

- | —e— ]RoeI
—— Roell
—m— Roel AD

' | —=— Roe II AD

103 102

P (T, )| L1 (0,1)

107°
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104

1072

1073

| 102

107°

1073

Convergence

' |—e— Roel

—— Roell

[u (2, T) = u(z, T)| 2 0,1)

5 —a— Roe I AD

- | —=— Roe IT AD

7\\\\ Lol Lol Lol -
107° 10~ 1073 102

Uy, (2, T> —Up, (%, T)||Lr0,1) P, (2, T)

| —e— lioeI
' |—e— Roe Il

1072
- | —#—Roe IT AD

—m— Roel AD
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Optimisation

The quasi-1D Euler equations are: 1 h(x)

( O;(hp) + Oz (hpu) = 0,
Or(hpu) + 0y (hpu? +p) pOzh,
| O(hpE) + 0z (hu(pE + p)) = 0,

_/\

(1)

+b
1 /
Cost functional: J(U) = §Hp —p*||%,
Parameters: a = (z., )"
1 1
Target pressure: p* = p(x. = 0.5,£ = 0.5)

Gradient: VaJ(U) = [(i? ];72;;0));2]

Optimisation problem: géiﬂJ(U) subject to (1).
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Optimisation

Boundary conditions: (H =E-+ %’
> | : 0 1
inlet: enthalpy H; and total pressure piot.L {p —(y—1) (pE _ _pu2> |
» outlet: pressure pr 1
2
\DPtot =P+ 5 PU”
These b.c. provide a discontinuous solution [6] Va € A.
p*(x) J(xc, L)
2F | | 1
1.5 / R
1 | |
0.5 - 1
| | | | | | 00 . V- © 05
0 02 04 06 038 1
Lo 0 0 [

[6] Giles, M. B., & Pierce, N. A. (2001). Analytic adjoint solutions for the quasi-one-dimensional Euler equations. Journal of
Fluid Mechanics, 426, 327-345.
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Optimisation

| | | |
——  With correction

—— Without correction
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Optimisation

0.55 | | |

——  With correction
—— Without correction

, 045 / )
/A}

0.4 - | N

03 | | | |
8.35 0.4 0.45 0.9 0.95 0.6
Lc
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Higher order schemes In time
for stochastic PDEs
modelling ocean dynamics



Modelling under location uncertainty

The LU framework, introduced in [1], is based on the following decomposition of the
Lagrangian velocity in two components

dXt = U(Xt, t)dt —+ O'(Xt, t)dBt

dX,(x)is the Lagrangian displacement of the fluid particle starting at point x at time t = 0.

u is the large scale, smooth, resolved component of the velocity field.

B: is a standard brownian motion, i.e.:
« Bo=0:;
- B is almost certainly continuous:;
- V<<t B, —-B, andB, —B, areindependent;

* VisB,—B,~40,|t—s]).

o is the correlation operator, whose definition is based on a kernel:

ol f1(x,1) = [ o(x,y, Df(y)dy

Q

[1] E. Mémin. Fluid flow dynamics under location uncertainty. Geophysical & Astrophysical Fluid Dynamics,
2014.108(2), 119-146.
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Modelling under location uncertainty

Starting from this decomposition, one can compute the stochastic transport
operator:

1
Db := deb+v™ - Vb di +0dB, - Vb — _V - (aVb)dt,

where

1
vi=u-— §V -a—o0(V-0) andaisthe variance tensor.

We will use the following spectral representation of the noise:
cdB, = @.@ ~____»Independent, scalar
- brownian motions
Basis functions,

computed from high
resolution data

Thanks to this representation, we can give a simple expression for the variance:

a=Y Q0
m
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SQG system under LU

We recall the definition of the stochastic transport operator:

1
Dtb = dtb -+ v* . Vb dt —+ O'dBt - Vb — §V . (&Vb)dt,

Starting from this, one can write the LU version of any classical fluid dynamical
system. In this work we will focus on the surface quasi geostrophic (SQG) system,

whose LU version is:

- * Stochastic transport of the buoyancy

Linear operator that links

velocity and buoyancy

through the streamline
— .

function
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Numerical schemes for stochastic PDEs

For stochastic PDEs, two different notions of convergence exist:

- Strong convergence i

err = ”bex _ bh”%z(g)

- Weak convergence
err = ||E(b,,) — [E(bh)”L2(Q)

For stochastic PDEs, the generalisation of the Euler scheme, known as the Euler-
Maruyama scheme, has order of strong convergence 0.5.

Our aim is to develop a scheme with higher order of strong convergence.
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Milstein scheme

By replacing everything in the 1t0 formulas and then into the main equation, keeping
only first order a lower order terms one findS'

EuIer-Maruyama

We define the following quantities: - |
conditional (recursive

t S : .
Gk . gm (R (p Tm.k ::/ / 18kd5m approximation) -
99" (b)) to Je brdps weak approximation
neglected

Then the double integral in (1) can be approximated with:
— AﬁmAﬁk m kAt

Levy area
m,k k,m m,k _ 7k,m ’
Z Gk pmok Z Gk I 4 qmok ! 4 which can

2 2 be simulated

m,k m,k
Remark: if G is symmetnc (i.e. G™k = G*™), then the Lévy area is not necessary:

k k __ Jkoym.k k.m 7k, klmk+lkm
EG’"’I’"’ EG’" [ 4 G = EG’"
m.,k 2
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Numerical results

Euler Maruyama Milstein - weak
One realization One realization
%10 t = 0 day ><110'3 %10 t = 0 day ><110'3
| . . | | . . |
0.5 0.5
— 6 I ] A~ 6 [ ]
g 0 E n
— 4l | = 4l |
0.5 -0.5
2 | . . | 2 | . . -
0 ' : 1 - -1 0 ' : 1 : -1
0 2 4 6 8 0 2 4 6 8
x(m) «10° x(m) % 10°
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Numerical results

Euler Maruyama Milstein - weak
One realization One realization
%10’ t = 17 day ><110'3 %10’ t = 17 day ><110'3
g |
105 10.5
. _6F
o & 10
I > 4 _
.{
-0.5 1 -0.5
7B
0 | 0 -1
0 2 4 6 8 0 2 4 6 8
x(m) «10° x(m) x10°
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Numerical results

A necessary condition for ensemble reliability is that the mean squared error (MSE) of
the ensemble mean forecast is close to the mean ensemble variance (MEV):

%107
4.5 F '

—— Euler

H —e—— Milstein weak
Milstein 0

| —=— Milstein cond 3
——e—— Milstein cond 4

AN

o
&

N ) g
MSE = Z <[E(bh(Xn, 0) — b?%(x,, t)> E 25
n=1 2
1 ZN: o 2
~MEV =| — Var(b (X5 1)) =
N &~ h S

—
I

0.5

0 5 10 15 20 25 30
Forecast days
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Multi-step schemes

The final aim being to use Milstein scheme in a multi-step Runge-Kutta type method,

we started studying Runge-Kutta methods in the stochastic framework, starting with
SSPRK3 [3] and Heun [4].

First, we rewrite the system in Stratonovich form:

d,b = f.(b,u) + g(b) - dB,
u=—xV+A~12p = F(b)

SSPRKS3 [3] Heun [4]
bV = b+ f(b", u) Al + g,(b")AB"
(D = %(ba))
b® = b” ( b + £V, uM)Ar + g (bV)AB")
32 — %(b(Z)) L
pHl = b” (b<2> + (0P, uP)At + g (b*)AB")

b = b+ £(B", u")AL + g (B")AB"
(D = %(ba))
pHl = b” ( bV + £V, uD)Ar + g(bD)AB")

A

L

[3] Numerlcally modeling stochastic Lie transport in fluid dynamics, Multiscale Modeling & Simulation 17.1 (2019):
192-232. C. Cotter, D. Crisan, D. Holm, W. Pan and |. Shevchenko.

[4] Modelling uncertainty using stochastic transport noise in a 2-layer quasi-geostrophic model. Foundations of
Data Science, 2.2 (2020). C. Cotter, D. Crisan, D. Holm, W. Pan and |. Shevchenko.
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Multi-step scheme based on Milstein

In this work, we propose a two-step scheme, SRK2-EM, where the first step is done
with a Milstein-0 scheme, and the second one with an Euler-Maruyama method:

b0 = b A Y g BABY + Y g (B ABIARE - A,

m.k

) uld = g2(bM)

b = b+ - <b<1> + O, uV)Ar+ Y gm(b(l))AB,T>

\
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Numerical results

Euler Maruyama

One realization One realization
«10° t =0 day ><110'3 %10 t =1 day
8 I 8 I
0.5
~~~ 6 [ —~~ 6 i
G o £ 10
> 4l s 4l
-0.5 -0.5
2t 2t
0 : -1 0 -1
0 2 4 6 8 0 2 4 6 8
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Numerical results

E |I16(T, %) — b,(nAr, x)||| < CA#

Strong convergence under weak noise

——O— Euler
——E— Heun
SSPRK3

——©— Milstein 0
- SRK2-EM

1/At
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Numerical results - noise x10

Euler Maruyama

One realization One realization
0° t =0 da,y ><110'3 %10 =1 day
0.5
_ 6] 6]
G o & | lo
> 4 | _ — 4
0.5 | ‘ ‘
2 | . . | 2 -
0 : -1 0
0 2 4 6 8 0 2 4 6 8
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Numerical results

E |116(T, %) — by(nAr,%)||| < CAF

Strong convergence under strong noise

I —— Euler
——— Heun

- SSPRK3

—— Milstein 0

——E— Milstein-weak
SRK2-EM

1072

1/At
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Merci de votre attention !



