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Aim and context

AIM: develop an uncertainty propagation tool and integrate it into the TRUST code.

Ideal properties:

‣ computationally affordable 

‣ requires minimal code development

t0

initial condition
uncertain

Sensitivity Equation Method

/  
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Sensitivity analysis (SA) : study of how changes in the inputs of a model affect the 
outputs

input
parameters

output
(state)

model

a

Sensitivity :

Sensitivity Analysis

Continuous sensitivity equation (CSE) method :

Btu ` Lpuq “ f Ω, t ° 0
<latexit sha1_base64="VN+xPAN6zKqZrvcBDY+sbi1LUrk="></latexit><latexit sha1_base64="VN+xPAN6zKqZrvcBDY+sbi1LUrk="></latexit><latexit sha1_base64="VN+xPAN6zKqZrvcBDY+sbi1LUrk="></latexit><latexit sha1_base64="VN+xPAN6zKqZrvcBDY+sbi1LUrk="></latexit>

u
<latexit sha1_base64="L7tEu5H4KC/3+9/SCDZDWsPgplw="></latexit><latexit sha1_base64="L7tEu5H4KC/3+9/SCDZDWsPgplw="></latexit><latexit sha1_base64="L7tEu5H4KC/3+9/SCDZDWsPgplw="></latexit><latexit sha1_base64="L7tEu5H4KC/3+9/SCDZDWsPgplw="></latexit>

Bu

Ba
“ ua

<latexit sha1_base64="VqhglcBS4PmFlxeln2R3+HNBvf4="></latexit><latexit sha1_base64="VqhglcBS4PmFlxeln2R3+HNBvf4="></latexit><latexit sha1_base64="VqhglcBS4PmFlxeln2R3+HNBvf4="></latexit><latexit sha1_base64="VqhglcBS4PmFlxeln2R3+HNBvf4="></latexit>

+ initial and boundary conditions.
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input
parameters
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State and sensitivity equations

Domain :
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<latexit sha1_base64="VOP6SIZAGZoCyFfx1+h3IAFfVao="></latexit><latexit sha1_base64="VOP6SIZAGZoCyFfx1+h3IAFfVao="></latexit><latexit sha1_base64="VOP6SIZAGZoCyFfx1+h3IAFfVao="></latexit><latexit sha1_base64="VOP6SIZAGZoCyFfx1+h3IAFfVao="></latexit>

Γw = Γobst ∪ Γtop ∪ Γbottom
<latexit sha1_base64="7QLVvCsgZ46LMlUEmZ1V9w2JZdc="></latexit><latexit sha1_base64="7QLVvCsgZ46LMlUEmZ1V9w2JZdc="></latexit><latexit sha1_base64="7QLVvCsgZ46LMlUEmZ1V9w2JZdc="></latexit><latexit sha1_base64="7QLVvCsgZ46LMlUEmZ1V9w2JZdc="></latexit>

The Navier—Stokes equations :

$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

Btua ´ ν∆ua ` pua ¨ rqu ` pu ¨ rqua ` rpa “ fa Ω, t ° 0,

r ¨ ua “ 0 Ω, t ° 0,

uapx, 0q “ 0 Ω, t “ 0,

ua “ ´gapyqn on Γin,

ua “ 0 on Γw,

pνrua ´ paIqn “ 0 on Γout.
<latexit sha1_base64="1UbyhzzUUz7SHZ3msNL6ZlQcTQI="></latexit><latexit sha1_base64="1UbyhzzUUz7SHZ3msNL6ZlQcTQI="></latexit><latexit sha1_base64="1UbyhzzUUz7SHZ3msNL6ZlQcTQI="></latexit><latexit sha1_base64="1UbyhzzUUz7SHZ3msNL6ZlQcTQI="></latexit>
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%

Btu ´ ν∆u ` pu ¨ rqu ` rp “ f Ω, t ° 0,

r ¨ u “ 0 Ω, t ° 0,

upx, 0q “ 0 Ω, t “ 0,

u “ ´gpyqn on Γin,

u “ 0 on Γw,

pνru ´ pIqn “ 0 on Γout.
<latexit sha1_base64="Vda16Qn+0F3Jn1lQOtTPX2z3EzE="></latexit><latexit sha1_base64="Vda16Qn+0F3Jn1lQOtTPX2z3EzE="></latexit><latexit sha1_base64="Vda16Qn+0F3Jn1lQOtTPX2z3EzE="></latexit><latexit sha1_base64="Vda16Qn+0F3Jn1lQOtTPX2z3EzE="></latexit>

The sensitivity equations :

gpyq “
4A

`2
yp` ´ yq

<latexit sha1_base64="kRr5ufBOjqwH9mj28gcy6v3FpCU="></latexit><latexit sha1_base64="kRr5ufBOjqwH9mj28gcy6v3FpCU="></latexit><latexit sha1_base64="kRr5ufBOjqwH9mj28gcy6v3FpCU="></latexit><latexit sha1_base64="kRr5ufBOjqwH9mj28gcy6v3FpCU="></latexit>

fa “ Baf ` Baν∆u
<latexit sha1_base64="fIezF0XHj4pUprMQlFsj5EaKWrc="></latexit><latexit sha1_base64="fIezF0XHj4pUprMQlFsj5EaKWrc="></latexit><latexit sha1_base64="fIezF0XHj4pUprMQlFsj5EaKWrc="></latexit><latexit sha1_base64="fIezF0XHj4pUprMQlFsj5EaKWrc="></latexit>

Remark : these are 
known as the Oseen 
equations.
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Spatial discretisation

The code TRUST TrioCFD is based on a finite elements volumes method (FEV).

Th
<latexit sha1_base64="gIWm/47Hd284tGGo2fzmBih0QDE="></latexit><latexit sha1_base64="gIWm/47Hd284tGGo2fzmBih0QDE="></latexit><latexit sha1_base64="gIWm/47Hd284tGGo2fzmBih0QDE="></latexit><latexit sha1_base64="gIWm/47Hd284tGGo2fzmBih0QDE="></latexit>

triangulation of the domain Ω
<latexit sha1_base64="bJ3tAu2IE6JJtV+3hURSKfJOJAs="></latexit><latexit sha1_base64="M8aMmV0NRccF1XZepR6We0hY6U8="></latexit><latexit sha1_base64="M8aMmV0NRccF1XZepR6We0hY6U8="></latexit><latexit sha1_base64="ZtXtXcpczsjIsO2DnJNp3oLavpI="></latexit>

C`

Cj

•

•

xi•

•

•

K`

Kj

ωi

Kj P Th
<latexit sha1_base64="M0pbwa1hDZPMx+aVod8/H+bzSv0="></latexit><latexit sha1_base64="IVAk6sM9VrMtrTH6NEDOSRXHxLI="></latexit><latexit sha1_base64="IVAk6sM9VrMtrTH6NEDOSRXHxLI="></latexit><latexit sha1_base64="qjpryIhpQ7N4Wlv3+5etPhPQBOo="></latexit>

triangles j “ 1, . . . , NT
<latexit sha1_base64="3/A5+A0btHBltzNVwlaRvQBi4bI="></latexit><latexit sha1_base64="xmu5RgMUjf7VCYc0n7nL6+oB69M="></latexit><latexit sha1_base64="xmu5RgMUjf7VCYc0n7nL6+oB69M="></latexit><latexit sha1_base64="EgF6iJM2le25HIzROKPpd86pXSw="></latexit>

xi
<latexit sha1_base64="eEdCVM4F7CASkgxj5k57bbPbjek="></latexit><latexit sha1_base64="InTKBMiS5s/DR+z4tH/afypwPkc="></latexit><latexit sha1_base64="InTKBMiS5s/DR+z4tH/afypwPkc="></latexit><latexit sha1_base64="QS+xg2qCLQwYgg7Zaf7JwURze4I="></latexit>

i “ 1, . . . , NN
<latexit sha1_base64="feAtS+5UARiQlkp/x+6ZJdFZ6eE="></latexit><latexit sha1_base64="ViKJHtaGfbl0JvIH3y5SG2JP17g="></latexit><latexit sha1_base64="ViKJHtaGfbl0JvIH3y5SG2JP17g="></latexit><latexit sha1_base64="LJHnQrDFFCpQw703PAo1y8TuY+A="></latexit>

nodes

ωi
<latexit sha1_base64="ReMs21eXJvE+km9gb4q/L8OjFAs="></latexit><latexit sha1_base64="QwSjRDUfCuNkweWpyizEKIMkwm4="></latexit><latexit sha1_base64="QwSjRDUfCuNkweWpyizEKIMkwm4="></latexit><latexit sha1_base64="8TQXziinHHnwLQ+k3ucPU7orY8M="></latexit>

control volume

Ingredients:

Spaces:

Qh “ tqh : @K P Th, qh|K P P0pKqu,

Vh “ twh continuous in xi : @K P Th, wh|K P P1pKqu,

Vh “ twh “ pwx, wyqt : wx, wy P Vhu.
<latexit sha1_base64="z2XbUBSJOmoSe5U+iVVvyklrfOI="></latexit><latexit sha1_base64="z2XbUBSJOmoSe5U+iVVvyklrfOI="></latexit><latexit sha1_base64="z2XbUBSJOmoSe5U+iVVvyklrfOI="></latexit><latexit sha1_base64="z2XbUBSJOmoSe5U+iVVvyklrfOI="></latexit>

Remark : Vh Ç H
1pΩq

<latexit sha1_base64="6yVATgGKoHpizWjttWtvPQ5YTFk="></latexit><latexit sha1_base64="K8qQ2qZQEkdgTdRDfIM0Yedv+OM="></latexit><latexit sha1_base64="K8qQ2qZQEkdgTdRDfIM0Yedv+OM="></latexit><latexit sha1_base64="a4jkODVDYFkq0ymHPRkwKjNZd1A="></latexit>

Basis functions : ϕipxjq “ δi,j
<latexit sha1_base64="r/9Idv8eW39g5WU+XebWh61c9/4="></latexit><latexit sha1_base64="r/9Idv8eW39g5WU+XebWh61c9/4="></latexit><latexit sha1_base64="r/9Idv8eW39g5WU+XebWh61c9/4="></latexit><latexit sha1_base64="r/9Idv8eW39g5WU+XebWh61c9/4="></latexit>

χK
<latexit sha1_base64="Cv1Kqtk65X4a581UwdcsEEo8wDg="></latexit><latexit sha1_base64="Cv1Kqtk65X4a581UwdcsEEo8wDg="></latexit><latexit sha1_base64="Cv1Kqtk65X4a581UwdcsEEo8wDg="></latexit><latexit sha1_base64="Cv1Kqtk65X4a581UwdcsEEo8wDg="></latexit>

Vh
<latexit sha1_base64="v2iJRjTWe95zWiqsbICyLXnnsWA="></latexit><latexit sha1_base64="v2iJRjTWe95zWiqsbICyLXnnsWA="></latexit><latexit sha1_base64="v2iJRjTWe95zWiqsbICyLXnnsWA="></latexit><latexit sha1_base64="v2iJRjTWe95zWiqsbICyLXnnsWA="></latexit>

Qh
<latexit sha1_base64="feeAS7GHa2pQwzneyUA6WTsMgmo="></latexit><latexit sha1_base64="feeAS7GHa2pQwzneyUA6WTsMgmo="></latexit><latexit sha1_base64="feeAS7GHa2pQwzneyUA6WTsMgmo="></latexit><latexit sha1_base64="feeAS7GHa2pQwzneyUA6WTsMgmo="></latexit>

for

for
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AU ` B
t
P ` LpUqU “ F

BU “ D

AUa ` B
t
Pa ` LpUaqU ` LpUqUa “ Fa

BUa “ Da
<latexit sha1_base64="Jb1wwutiAiPkrRh0FZjofdM8RnU="></latexit><latexit sha1_base64="Jb1wwutiAiPkrRh0FZjofdM8RnU="></latexit><latexit sha1_base64="Jb1wwutiAiPkrRh0FZjofdM8RnU="></latexit><latexit sha1_base64="Jb1wwutiAiPkrRh0FZjofdM8RnU="></latexit>

Spatial discretisation
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Validation of the CSE method

Test case description
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<latexit sha1_base64="VOP6SIZAGZoCyFfx1+h3IAFfVao="></latexit><latexit sha1_base64="VOP6SIZAGZoCyFfx1+h3IAFfVao="></latexit><latexit sha1_base64="VOP6SIZAGZoCyFfx1+h3IAFfVao="></latexit><latexit sha1_base64="VOP6SIZAGZoCyFfx1+h3IAFfVao="></latexit>

gpyq “
4A

`2
yp` ´ yq

<latexit sha1_base64="kRr5ufBOjqwH9mj28gcy6v3FpCU="></latexit><latexit sha1_base64="kRr5ufBOjqwH9mj28gcy6v3FpCU="></latexit><latexit sha1_base64="kRr5ufBOjqwH9mj28gcy6v3FpCU="></latexit><latexit sha1_base64="kRr5ufBOjqwH9mj28gcy6v3FpCU="></latexit>

Uncertain parameter a “ A
<latexit sha1_base64="6omvJiAPDfRv2fQgI7X0rFP70Cs="></latexit><latexit sha1_base64="6omvJiAPDfRv2fQgI7X0rFP70Cs="></latexit><latexit sha1_base64="6omvJiAPDfRv2fQgI7X0rFP70Cs="></latexit><latexit sha1_base64="6omvJiAPDfRv2fQgI7X0rFP70Cs="></latexit>
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errpuq “ upx, T ; a ` δaq ´ upx, T ; aq ´ δauapx, T ; aq » Opδa2q
<latexit sha1_base64="QdTPTbQiepn5O3A3Yd7boSUmT20="></latexit><latexit sha1_base64="vd7D2CJ2DKvRHX8UR4YBrkp/ffg="></latexit><latexit sha1_base64="vd7D2CJ2DKvRHX8UR4YBrkp/ffg="></latexit><latexit sha1_base64="99jTT+111rLaDMHyIYu8HtzqjRM="></latexit>

Results

10−2 10−1

10−12

10−11
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10−8

δa

kerr(ux
h)kL2

kerr(uy
h)kL2

O(δa2)

<latexit sha1_base64="qjktsE+0kJ/6FaP+AvHNKQtKIhE="></latexit>

10−2 10−1

10−7

10−6

10−5

10−4

10−3

δa

kerr(ux
h)kL∞

kerr(uy
h)kL∞

O(δa2)

<latexit sha1_base64="RwuHLJH8NmX48XAfWddDjo7ASTc="></latexit>

The symbol □ corresponds to a finer mesh (h=0.001), the symbol • to the 
coarser one (h=0.002).

Validation of the CSE method
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Let a be a gaussian random vector, with the following average and variance:

µa =







µa1

...
µaM






, σa =











σ
2

a1
cov(a1, a2) . . . cov(a1, aM )

cov(a1, a2) σ
2

a2
. . . cov(a2, aM )

...
. . .

...
cov(a1, aM ) . . . σ

2

aM











,

Aim: determine a confidence interval

Monte Carlo approach: N samples of the state

σ
2

X
=

1

N − 1

NX

k=1

|µX −Xk|
2µX =

1

N

NX

k=1

Xk

Xk

Uncertainty quantification

P pX P CIXq • 1 ´ α
<latexit sha1_base64="y98Zzj3YLN8Hgu0PH9DPBYK1Jjg="></latexit><latexit sha1_base64="y98Zzj3YLN8Hgu0PH9DPBYK1Jjg="></latexit><latexit sha1_base64="y98Zzj3YLN8Hgu0PH9DPBYK1Jjg="></latexit><latexit sha1_base64="y98Zzj3YLN8Hgu0PH9DPBYK1Jjg="></latexit>

CIX “ rµX ´ dpσXq, µX ` dpσXqs
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Sensitivity approach: let us consider the following first order Taylor expansion    

µX = E[X(a)] = X(µa) +

MX

i=1

Xai
(µa)E[ai − µai

] = X(µa),

Then, computing, the average one has:

And for the variance:

σ
2

X = E[(X(a)− µX)2] = E

2

4

 

M
X

i=1

Xai
(µa)(ai − µai

)

!2
3

5 =

=

M
X

i=1

X2

ai
(µa)E[(ai − µai

)2] +

M
X

i,j=1

i 6=j

Xai
(µa)Xaj

(µa)E[(ai − µai
)(aj − µaj

)].

Therefore, we have the following first order estimates:

µX = X(µa), σ
2

X =

MX

i=1

X2

ai
σ
2

ai
+

MX

i,j=1

i 6=j

Xai
Xaj

cov(ai, aj).

Xpaq “ Xpµaq `
M
ÿ

i“1

pai ´ µai
qXai

pµaq ` op}a ´ µa}2q
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Uncertainty quantification
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Steady test case
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State

Sensitivity
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Steady case : x-component of the velocity and its sensitivity

Steady test case
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State

Sensitivity
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Ω
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Domain :
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Filtering procedure

upx, t; aq »
N
ÿ

k“0

u0,kpx; aq cospωkpaqtq.
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It is reasonable to assume that the velocity behaves as follows:

By differentiating this with respect to the parameter of interest, one obtains the following 
behaviour for the sensitivity:

We propose a filter to recover the first part of the sensitivity.

sensibilité
de l’amplitude

sensibilité
de la fréquence

Bornée Non bornée
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Confidence intervals with filtered sensitivities
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Standard techniques of sensitivity analysis call for the differentiation of the state system:

Standard techniques of sensitivity analysis

(

∂tU+ ∂xF(U) = 0 Ω× (0, T ),

U(x, 0) = g(x) Ω,

The global system, without the corr

The matrix of the global system has the following structur

[1] Bardos, C., Pironneau, O. (2002). A formalism for the differentiation of conservation laws. Comptes Rendus 

Mathematique, 335(10), 839-845.
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Standard techniques of sensitivity analysis call for the differentiation of the state system:

Standard techniques of sensitivity analysis

(

∂a(∂tU) + ∂a(∂xF(U)) = 0 Ω× (0, T ),

∂aU(x, 0) = ∂ag(x) Ω,

The global system, without the corr

The matrix of the global system has the following structur

[1] Bardos, C., Pironneau, O. (2002). A formalism for the differentiation of conservation laws. Comptes Rendus 

Mathematique, 335(10), 839-845.
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Standard techniques of sensitivity analysis call for the differentiation of the state system:

Standard techniques of sensitivity analysis

(

∂a(∂tU) + ∂a(∂xF(U)) = 0 Ω× (0, T ),

∂aU(x, 0) = ∂ag(x) Ω,

The global system, without the corr

The matrix of the global system has the following structur

[1] Bardos, C., Pironneau, O. (2002). A formalism for the differentiation of conservation laws. Comptes Rendus 

Mathematique, 335(10), 839-845.
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Standard techniques of sensitivity analysis call for the differentiation of the state system:

Standard techniques of sensitivity analysis

(

∂tUa + ∂xFa(U,Ua) = 0 Ω× (0, T ),

Ua(x, 0) = ga(x) Ω,

The global system, without the corr

The matrix of the global system has the following structur

[1] Bardos, C., Pironneau, O. (2002). A formalism for the differentiation of conservation laws. Comptes Rendus 

Mathematique, 335(10), 839-845.
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Standard techniques of sensitivity analysis call for the differentiation of the state system:

This can be done under hypotheses of regularity of the state U [1]. 

Standard techniques of sensitivity analysis

If these techniques are applied to hyperbolic equations, Dirac delta functions will appear 
in the sensitivity.

(

∂tUa + ∂xFa(U,Ua) = 0 Ω× (0, T ),

Ua(x, 0) = ga(x) Ω,

For the Burgers’ equation:

F(U) =
u
2

2
Fa(U,Ua) = uua

The global system, without the corr

The matrix of the global system has the following structur

[1] Bardos, C., Pironneau, O. (2002). A formalism for the differentiation of conservation laws. Comptes Rendus 

Mathematique, 335(10), 839-845.
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In order to have a sensitivity system which is valid also when the state is discontinuous, 
we add a correction term [2]: 

Definition of the source term

S =

NsX

k=1

ρρρkδ(x− xk,s(t)),

(

∂tUa + ∂xFa(U,Ua) = S Ω× (0, T ),

Ua(x, 0) = ga(x) Ω,

defined as follows:
number of discontinuities

position of the k-th discontinuity

amplitude of the k-th correction 
(to be computed)

Remark: a shock detector is necessary to discretise such source term.

[2] Guinot, V., Delenne, C., Cappelaere, B. (2009). An approximate Riemann solver for sensitivity equations with 

discontinuous solutions. Advances in Water Resources, 32(1), 61-77.
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The Riemann problem for Euler equations

The Euler equations are:






∂tρ+ ∂x(ρu) = 0,
∂t(ρu) + ∂x(ρu

2 + p) = 0,
∂t(ρE) + ∂x(u(ρE + p)) = 0,

λ1(U) = u− c,

λ2(U) = u,

λ3(U) = u+ c.

r1(U) = (1, u− c,H − uc)t,

r2(U) = (1, u, u
2

2
)t,

r3(U) = (1, u+ c,H + uc)t.

Eigenvalues: Eigenvectors:

Genuinely nonlinear
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The Riemann problem for Euler equations

The Euler equations are:






∂tρ+ ∂x(ρu) = 0,
∂t(ρu) + ∂x(ρu

2 + p) = 0,
∂t(ρE) + ∂x(u(ρE + p)) = 0,

λ1(U) = u− c,

λ2(U) = u,

λ3(U) = u+ c.

r1(U) = (1, u− c,H − uc)t,

r2(U) = (1, u, u
2

2
)t,

r3(U) = (1, u+ c,H + uc)t.

Eigenvalues: Eigenvectors:

Linearly degenerate
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The Riemann problem for Euler equations

The Euler equations are:






∂tρ+ ∂x(ρu) = 0,
∂t(ρu) + ∂x(ρu

2 + p) = 0,
∂t(ρE) + ∂x(u(ρE + p)) = 0,

λ1(U) = u− c,

λ2(U) = u,

λ3(U) = u+ c.

r1(U) = (1, u− c,H − uc)t,

r2(U) = (1, u, u
2

2
)t,

r3(U) = (1, u+ c,H + uc)t.

Eigenvalues: Eigenvectors:
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The Riemann problem for the sensitivity equations

The sensitivity system is:

λ1(U) = u− c,

λ2(U) = u,

λ3(U) = u+ c.

Eigenvalues:






∂tρa + ∂x(ρu)a = S1,

∂t(ρu)a + ∂x(ρau
2 + 2ρuua + pa) = S2,

∂t(ρE)a + ∂x(ua(ρE + p) + u((ρE)a + pa)) = S3,
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Classical numerical schemes

Step 0 : initial data discretisation

Godunov-type schemes

t

xxj−1/2

Uj−1 Uj

xj+1/2

Uj+1
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Classical numerical schemes

Step 0 : initial data discretisation

Step 1 : solution of a Riemann problem for each interface             obtaining

Godunov-type schemes

v(x, tn+1)xj−1/2

t

xxj−1/2

Uj−1 Uj

xj+1/2

Uj+1

t

xxj−1/2

Uj−1 Uj

xj+1/2

Uj+1



Camilla Fiorini Séminaire M2N / 58  28

Classical numerical schemes
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Classical numerical schemes
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Godunov-type schemes
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Classical numerical schemes
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Classical numerical schemes
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Classical numerical schemes
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Isolated shock for the p-system
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Scheme without numerical diffusion

Step 0 : initial data discretisation

Step 1 : solution of the Riemann problems, one for each interface

Step 2 : average
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Step 0 : initial data discretisation 

Step 1 : solution of the Riemann problems, one for each interface 

Step 2 : definition of a staggered mesh on which the average is performed [4] 

xj−1/2 = xj−1/2 + σj−1/2∆t

Scheme without numerical diffusion

t

x

xj−1/2 xj+1/2

xj−1/2

Uj−1 Uj

xj+1/2
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t

xxj−1/2

Uj−1 Uj

xj+1/2

Uj+1

t

xxj−1/2

Uj−1 Uj

xj+1/2

Uj+1

[4] Chalons, C., Goatin, P. (2008). Godunov scheme and sampling technique for computing phase transitions in traffic flow 

modeling. Interfaces and Free Boundaries, 10(2), 197-221.
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Step 0 : initial data discretisation 

Step 1 : solution of the Riemann problems, one for each interface 

Step 2 : definition of a staggered mesh on which the average is performed 

Step 3 : projection on the initial mesh [5]

Uj−1 Uj Uj+1

Uj−1 Uj Uj+1

Scheme without numerical diffusion

Uj =

8

>

<

>

:

Uj−1 if α ∈

�

0, ∆t
∆x max(σj−1/2, 0)

�

,

Uj if α ∈

⇥

∆t
∆x max(σj−1/2, 0), 1 +

∆t
∆x min(σj+1/2, 0)

�

,

Uj+1 if α ∈

⇥

1 + ∆t
∆x min(σj+1/2, 0), 1

�

.

α ∼ U([0, 1])

[5] Glimm, J. (1965). Solutions in the large for nonlinear hyperbolic systems of equations. Communications on pure and 

applied mathematics, 18(4), 697-715.
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Numerical results
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Convergence
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Optimisation







∂t(hρ) + ∂x(hρu) = 0,
∂t(hρu) + ∂x(hρu

2 + p) = p∂xh,

∂t(hρE) + ∂x(hu(ρE + p)) = 0,

The quasi-1D Euler equations are:

J(U) =
1

2
kp� p∗k2

L2Cost functional:

min
a∈A

J(U)Optimisation problem: subject to (1).

(1)

+b.c.

xc

1

2

`

h(x)

Parameters: a = (xc, `)
t

Target pressure: p
∗ = p(xc = 0.5, ` = 0.5)

Gradient: raJ(U) =



(p� p∗, pxc
)L2

(p� p∗, p`)L2

�
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Optimisation
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Boundary conditions:

‣ inlet: enthalpy        and total pressure 
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HL
ptot,L

pR

8

>

>

>

>

<

>

>

>

>

:

H = E +
p

ρ
,

p = (γ − 1)

✓

ρE −

1

2
ρu2

◆

,

ptot = p+
1

2
ρu2.

These b.c. provide a discontinuous solution [6] ∀a ∈ A.

[6] Giles, M. B., & Pierce, N. A. (2001). Analytic adjoint solutions for the quasi-one-dimensional Euler equations. Journal of 

Fluid Mechanics, 426, 327-345.
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Optimisation
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Optimisation

0.35 0.4 0.45 0.5 0.55 0.6
0.35

0.4

0.45

0.5

0.55

With correction

Without correction

xc

`



Higher order schemes in time 
for stochastic PDEs

modelling ocean dynamics
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Modelling under location uncertainty

The LU framework, introduced in [1], is based on the following decomposition of the 
Lagrangian velocity in two components

dXt = u(Xt, t)dt+ σ(Xt, t)dBt

<latexit sha1_base64="HZN/LpZd+kPgoa1RoUPcLHkebfU="></latexit>

44

[1] É. Mémin. Fluid flow dynamics under location uncertainty. Geophysical & Astrophysical Fluid Dynamics, 
2014.108(2), 119-146.

dXt(x) is the Lagrangian displacement of the fluid particle starting at point x at time t = 0.

u is the large scale, smooth, resolved component of the velocity field.

Bt is a standard brownian motion, i.e.: 

• B0 = 0; 

• B is almost certainly continuous; 

•                                            and                are independent; 

•                                              .

∀ t1 ≤ t2 ≤ t3 ≤ t4, Bt4
− Bt3

Bt2
− Bt1

∀ t, s Bt − Bs ∼ %(0, | t − s | )

is the correlation operator, whose definition is based on a kernel:  σ

σ[ f ](x, t) := ∫
Ω

σ̌(x, y, t)f(y)dy
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Starting from this decomposition, one can compute the stochastic transport 
operator:

Dtb := dtb+ v
∗

·rb dt+ σdBt ·rb�
1

2
r · (arb)dt,

<latexit sha1_base64="2AzP3px72/6IObkJxripjMJuROk="></latexit>

where

v
∗ = u�

1

2
r · a� σ(r · σ)

<latexit sha1_base64="X/ZnCEx49UgaUY0pjGiaFvIDBjU="></latexit>

45

and a is the variance tensor. 

Modelling under location uncertainty

We will use the following spectral representation of the noise:

σdBt = ∑
m

φmdβm
t

Basis functions, 
computed from high 
resolution data

Independent, scalar 
brownian motions

a = ∑
m

φmφT
m

Thanks to this representation, we can give a simple expression for the variance:
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We recall the definition of the stochastic transport operator:

Dtb := dtb+ v
∗

·rb dt+ σdBt ·rb�
1

2
r · (arb)dt,

<latexit sha1_base64="2AzP3px72/6IObkJxripjMJuROk="></latexit>











Dtb = 0,

b = N(�∆)1/2ψ,

u = r
⊥ψ,

<latexit sha1_base64="xmlvzCCxcC93wmMza2SxNPLJ++U="></latexit>
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SQG system under LU

Starting from this, one can write the LU version of any classical fluid dynamical 
system. In this work we will focus on the surface quasi geostrophic (SQG) system, 
whose LU version is:

Stochastic transport of the buoyancy

Linear operator that links 
velocity and buoyancy 
through the streamline 
function
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Numerical schemes for stochastic PDEs

For stochastic PDEs, the generalisation of the Euler scheme, known as the Euler-
Maruyama scheme, has order of strong convergence 0.5. 

For stochastic PDEs, two different notions of convergence exist: 

• Strong convergence

• Weak convergence

err = ∥((bex) − ((bh)∥L2(Ω)

err = ( [∥bex − bh∥
2
L2(Ω)]

1/2

Our aim is to develop a scheme with higher order of strong convergence.
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By replacing everything in the Itō formulas and then into the main equation, keeping 
only first order a lower order terms one finds:

bt = bt0 + f(bt0)∆t−
X
m

gm(bt0)∆βm +

Z t

t0

Z s

t0

X
m,k

gm(gk(bτ ))dβ
k
τ
dβm

s

<latexit sha1_base64="l7WSB63n4x7J0U/K3s3xpyrr7m4="></latexit>

Euler-Maruyama

Milstein scheme

Gm,k := gm(gk(bt0))

<latexit sha1_base64="YxNPHUnmEfoeumVDmeK1U+YhyM8=">AAACBXicbVDLSgMxFM34rPVVdamLYBFakDIjFYsgFFzosoJ9QB9DJs20YZLMkGSEMnTjxl9x40IRt/6DO//GtJ2Fth64cDjnXu69x4sYVdq2v62l5ZXVtfXMRnZza3tnN7e331BhLDGp45CFsuUhRRgVpK6pZqQVSYK4x0jTC64nfvOBSEVDca9HEelyNBDUpxhpI7m5o5tewk+DMby8goMeLwx6QcFzE+3a42LRzeXtkj0FXCROSvIgRc3NfXX6IY45ERozpFTbsSPdTZDUFDMyznZiRSKEAzQgbUMF4kR1k+kXY3hilD70Q2lKaDhVf08kiCs14p7p5EgP1bw3Ef/z2rH2K92EiijWRODZIj9mUIdwEgnsU0mwZiNDEJbU3ArxEEmEtQkua0Jw5l9eJI2zklMund+V89VKGkcGHIJjUAAOuABVcAtqoA4weATP4BW8WU/Wi/Vufcxal6x05gD8gfX5A9W0ltk=</latexit>

I
m,k

:=

Z t

t0

Z s

t0

dβk
τ
dβm

s

<latexit sha1_base64="mLOQK1rLBFGp4BDd7iib8/CoevU="></latexit>

We define the following quantities:

Then the double integral in (1) can be approximated with:

(1)

X

m,k

G
m,k

I
m,k

=

X

m,k

G
m,k I

m,k + Ik,m

2
+G

m,k I
m,k

− Ik,m

2

<latexit sha1_base64="htRnNFnXNAVcCvGnr2NDQlq7+Kc=">AAACWnicbVFbS8MwGE2r7uplXt58CQ5BcI52TNyLMPBBfZvgLrDNkWbpFpa0NUmFUfonfRHBvyKYbhV02wfhOznnfCQ5cQJGpbKsT8Pc2t7JZHP5QnF3b/+gdHjUkX4oMGljn/mi5yBJGPVIW1HFSC8QBHGHka4zu0v07hsRkvres5oHZMjRxKMuxUhpalR6HciQjyJemcXw/mXZH9N+CzeIA1cgHP1aLhPzrMLjOKolu82uq7+uUalsVa1FwXVgp6AM0mqNSu+DsY9DTjyFGZKyb1uBGkZIKIoZiQuDUJIA4RmakL6GHuJEDqNFNDE818wYur7Qy1Nwwf6diBCXcs4d7eRITeWqlpCbtH6o3MYwol4QKuLh5UFuyKDyYZIzHFNBsGJzDRAWVN8V4inSqSj9GwUdgr365HXQqVXtevX6qV5uNtI4cuAUnIELYIMb0AQPoAXaAIMP8G1kjKzxZZpm3iwuraaRzhyDf2We/ABJfLLX</latexit>

= ∆βm
∆βk

− δm,k∆t

<latexit sha1_base64="kzHtHdJ1VshqqfD4+ANB+wFaE8A=">AAACIHicbVBNSwMxEM36WetX1aOXYBE8aNmVil6Egh48VrCt0F1LNp1qaLK7JLNCWfpTvPhXvHhQRG/6a0zbFfx6MPDy3gyZeWEihUHXfXempmdm5+YLC8XFpeWV1dLaetPEqebQ4LGM9WXIDEgRQQMFSrhMNDAVSmiF/ZOR37oFbUQcXeAggUCx60j0BGdopU7p8Jj6pyCRUT8EZFfq57NP96jfHQmdTO32h18udkplt+KOQf8SLydlkqPeKb353ZinCiLkkhnT9twEg4xpFFzCsOinBhLG++wa2pZGTIEJsvGBQ7ptlS7txdpWhHSsfp/ImDJmoELbqRjemN/eSPzPa6fYOwoyESUpQsQnH/VSSTGmo7RoV2jgKAeWMK6F3ZXyG6YZR5tp0Ybg/T75L2nuV7xq5eC8Wq4d5XEUyCbZIjvEI4ekRs5InTQIJ3fkgTyRZ+feeXRenNdJ65STz2yQH3A+PgE0zKHE</latexit>

Lévy area, 
which can 
be simulated

weak approximation
neglected

Remark: if     is symmetric (i.e.                   ), then the Lévy area is not necessary:G Gm,k = Gk,m

∑
m,k

Gm,kIm,k =
1

2 ∑
m,k

Gm,kIm,k + Gk,mIk,m = ∑
m,k

Gm,k
Im,k + Ik,m

2

48

conditional (recursive 
approximation)
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Numerical results
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Milstein - weakEuler Maruyama
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Numerical results
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Milstein - weakEuler Maruyama
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Numerical results

51
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A necessary condition for ensemble reliability is that the mean squared error (MSE) of 
the ensemble mean forecast is close to the mean ensemble variance (MEV):

MSE =

N

∑
n=1

((̂(bh(xn, t)) − bobs(xn, t))
2

≃ MEV = ( 1

N

N

∑
n=1

̂Var(bh(xn, t)))
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Multi-step schemes

The final aim being to use Milstein scheme in a multi-step Runge-Kutta type method, 
we started studying Runge-Kutta methods in the stochastic framework, starting with 
SSPRK3 [3] and Heun [4].

[3] Numerically modeling stochastic Lie transport in fluid dynamics, Multiscale Modeling & Simulation 17.1 (2019): 
192-232. C. Cotter, D. Crisan, D. Holm, W. Pan and I. Shevchenko.

{
dtb = fs(b, u) + gs(b) ∘ dBt

u = − κ∇⊥Δ−1/2b =: ℋ(b)

b(1) = bn + fs(b
n, un)Δt + gs(b

n)ΔBn

u(1) = ℋ(b(1))

b(2) =
3

4
bn +

1

4 (b(1) + fs(b
(1), u(1))Δt + gs(b

(1))ΔBn)

u(2) = ℋ(b(2))

bn+1 =
1

3
bn +

2

3 (b(2) + fs(b
(2), u(2))Δt + gs(b

(2))ΔBn)

SSPRK3 [3]

First, we rewrite the system in Stratonovich form: 

Heun [4]

b(1) = bn + fs(b
n, un)Δt + gs(b

n)ΔBn

u(1) = ℋ(b(1))

bn+1 =
1

2
bn +

1

2 (b(1) + fs(b
(1), u(1))Δt + gs(b

(1))ΔBn)

[4] Modelling uncertainty using stochastic transport noise in a 2-layer quasi-geostrophic model. Foundations of 
Data Science, 2.2 (2020). C. Cotter, D. Crisan, D. Holm, W. Pan and I. Shevchenko.

52
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Multi-step scheme based on Milstein

In this work, we propose a two-step scheme, SRK2-EM, where the first step is done 
with a Milstein-0 scheme, and the second one with an Euler-Maruyama method:

b(1) = bn + f(bn, un)Δt+ ∑
m

gm(bn)ΔBm
n + ∑

m,k

gm(gk(bn))(Δβm
n Δβk

n − Δtδmk)

u(1) = ℋ(b(1))

bn+1 =
1

2
bn +

1

2 (b(1) + f(b(1), u(1))Δt+ ∑
m

gm(b(1))ΔBm
n )

53
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Numerical results

Euler Maruyama
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Numerical results
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Numerical results - noise x10

Euler Maruyama

56
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Numerical results
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