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The Wold’s principle for factors and composites

cov 𝑦𝑗ℎ, 𝑦𝑘𝑙 = cov 𝑦𝑗ℎ, 𝜉𝑗 × cor 𝜉𝑗 , 𝜉𝑘 × cov 𝑦𝑘𝑙 , 𝜉𝑘

𝜉𝑗

𝑦𝑗1

𝑦𝑗3

𝑦𝑗2

𝑦𝑘3

𝑦𝑘1

𝑦𝑘2
𝜉𝑘

𝜆𝑗1

𝜆𝑗2

𝜆𝑗3

𝜆𝑗ℎ

𝜌𝑗𝑘

𝜌𝑗𝑘

𝜆𝑘1

𝜆𝑘2

𝜆𝑘3

𝜆𝑘𝑙

𝚺𝑗𝑘 = 𝜌𝑗𝑘𝝀𝑗𝝀𝑘
⊤

Or, in more compact matrix notations:

where 𝝀𝑗 =

𝜆𝑗1

𝜆𝑗2

𝜆𝑗3

= cov 𝒚𝑗 , 𝜉𝑗

Standardized 

LVs 𝜉𝑗
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cov 𝑦𝑗ℎ, 𝑦𝑘𝑙 = cov 𝑦𝑗ℎ, 𝜉𝑗 × cor 𝜉𝑗 , 𝜉𝑘 × cov 𝑦𝑘𝑙 , 𝜉𝑘

𝜉𝑗

𝑦𝑘3

𝑦𝑘1

𝑦𝑘2
𝜉𝑘

𝚺𝑗𝑘 = 𝜌𝑗𝑘𝝀𝑗𝝀𝑘
⊤

Or, in more compact matrix notations:

𝜆𝑗ℎ

𝜌𝑗𝑘

𝜌𝑗𝑘

𝜆𝑘1

𝜆𝑘2

𝜆𝑘3

𝜆𝑘𝑙

𝑦𝑗1

𝑦𝑗3

𝑦𝑗2

𝜆𝑗1

𝜆𝑗2

𝜆𝑗3

𝜉𝑗 = 𝐰𝑗
⊤𝒚𝑗

The Wold’s principle for factors and composites

where 𝝀𝑗 = cov 𝒚𝑗 , 𝜉𝑗 = 𝚺𝑗𝑗𝐰𝑗

Standardized 

LVs 𝜉𝑗

⇒  𝐰𝑗 = 𝚺𝑗𝑗
−1𝝀𝑗
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Path model describing causes and consequences

of Customer Satisfaction

Customer

Expectation

CE1

CE3

CE1
CE2
CE3

=

𝑦𝑗1

𝑦𝑗2

𝑦𝑗3

=

𝜆𝑗1

𝜆𝑗2

𝜆𝑗3

𝜉𝑗 +

𝜀𝑗1

𝜀𝑗2

𝜀𝑗3

𝒚𝑗  =  𝝀𝑗 𝜉𝑗 +  𝜺𝑗

The basic measurement model is defined for all j :

The measurement model for factors

CE2

𝝀𝑗1

𝝀𝑗2

𝝀𝑗3𝜺𝑗3

𝜺𝑗1

𝜺𝑗2

𝜀𝑗ℎ ⊥ 𝜀𝑗𝑙

𝜺𝑗 ⊥ 𝜉𝑗Standardized LVs 𝜉𝑗

𝚺𝑗𝑘 = 𝔼 𝒚𝑗𝒚𝑘
⊤ = 𝜌𝑗𝑘𝝀𝑗𝝀𝑘

⊤►𝚺𝑗𝑗 = 𝔼 𝒚𝑗𝒚𝑗
⊤ = 𝝀𝑗𝝀𝑗

⊤ + 𝚯𝑗►

• The basic measurement model for factor implies: 

𝔼 𝜺𝑗𝜺𝑗
⊤ = diag 𝜃𝑗1, … , 𝜃𝑗ℎ, … , 𝜃𝑗𝑝𝑗



The measurement model for factors

𝚺𝑗𝑗 = 𝝀𝑗𝝀𝑗
⊤ + 𝚯𝑗 𝚺𝑗𝑘 = 𝜌𝑗𝑘𝝀𝑗𝝀𝑘

⊤
► ►

The basic measurement model for factor only implies: 

and reduces to:

𝚺(𝛉) =



𝝀1𝝀1
⊤ + 𝚯1

𝜌21𝝀2𝝀1
⊤

𝜌31𝝀1𝝀3
⊤

⋮

𝜌𝐽1𝝀𝐽𝝀1
⊤

𝝀2𝝀2
⊤ + 𝚯2

𝜌32𝝀3𝝀2
⊤

⋮

𝜌𝐽2𝝀𝐽𝝀2
⊤

𝝀3𝝀3
⊤ + 𝚯3

𝜌𝐽3𝝀𝐽𝝀3
⊤ 𝝀𝐽𝝀𝐽

⊤ + 𝚯𝐽…

...



𝚲 𝐑 𝚲⊤ 𝚯𝚺(𝛉) =

The measurement model for factors

𝚺𝑗𝑗 = 𝝀𝑗𝝀𝑗
⊤ + 𝚯𝑗 𝚺𝑗𝑘 = 𝜌𝑗𝑘𝝀𝑗𝝀𝑘

⊤
► ►

The basic measurement model for factor only implies: 

and reduces to:

𝚺(𝛉) = …



0

0

𝝀1



0

0

𝝀2



0

𝝀𝐽



0

0



 

𝐑 …



0

0

𝝀1



0

0

𝝀2



0

𝝀𝐽



0

0



 

⊤

+

𝚯1 𝟎 … 𝟎
𝟎 𝚯2 ⋱ ⋮
⋮ ⋱ ⋱ 𝟎
𝟎 … 𝟎 𝚯𝐽

𝚺 𝛉 = 𝚲𝐑𝚲⊤ + 𝚯



12

Path model describing causes and consequences

of Customer Satisfaction

Customer

Expectation

CE1

CE3

The measurement model for composites

CE2 𝜉𝑗 = 𝐰𝑗
⊤𝒚𝑗► Standardized LVs 𝜉𝑗

𝝀𝑗1

𝝀𝑗2

𝝀𝑗3

𝚺𝑗𝑘 = 𝜌𝑗𝑘𝝀𝑗𝝀𝑘
⊤

• The basic measurement model for composites assumes: 

𝚺𝑗𝑗 invertible with no particular structure►

►

𝚺𝑗𝑗 ≠ 𝝀𝑗𝝀𝑗
⊤ + 𝚯𝑗

Wold’s principle



The measurement model for composites

no particular structure for 𝚺𝑗𝑗 𝚺𝑗𝑘 = 𝜌𝑗𝑘𝝀𝑗𝝀𝑘
⊤

► ►

The basic measurement model for composites only assumes: 

and reduces to:

𝚺 =



𝚺11

𝜌21𝝀2𝝀1
⊤

𝜌31𝝀1𝝀3
⊤

⋮

𝜌𝐽1𝝀𝐽𝝀1
⊤

𝚺22

𝜌32𝝀3𝝀2
⊤

⋮

𝜌𝐽2𝝀𝐽𝝀2
⊤

𝚺33

𝜌𝐽3𝝀𝐽𝝀3
⊤ 𝚺𝐽𝐽…

...

(variables are freely correlated) (Wold’s principle)



𝚺(𝛉) =

The measurement model 

for factors and composites

The basic measurement model for factors and composites implies: 



෩𝚺11

𝜌21𝝀2𝝀1
⊤

𝜌31𝝀1𝝀3
⊤

⋮

𝜌𝐽1𝝀𝐽𝝀1
⊤

෩𝚺22

𝜌32𝝀3𝝀2
⊤

⋮

𝜌𝐽2𝝀𝐽𝝀2
⊤

෩𝚺33

𝜌𝐽3𝝀𝐽𝝀3
⊤ ෩𝚺𝐽𝐽…

...

where ෩𝚺𝑗𝑗 = ൞

𝝀𝑗𝝀𝑗
⊤ + 𝚯𝑗 ,  for block associated with factors, 

𝚺𝑗𝑗 ,  for block associated with composites

𝚺 𝛉 = 𝚲𝐑𝚲⊤ + 𝚯 + diag 𝚺11 − 𝝀1𝝀1
⊤ + 𝚯1 , … , 𝚺𝐽𝐽 − 𝝀𝐽𝝀𝐽

⊤ + 𝚯𝐽𝚺 𝛉 = 𝚲𝐑𝚲⊤ + 𝚯 + diag 𝚺11 − 𝝀1𝝀1
⊤ + 𝚯1 , … , 𝚺𝐽𝐽 − 𝝀𝐽𝝀𝐽

⊤ + 𝚯𝐽



15

Perceived

value

Customer

Expectation

Perceived

quality

Customer

Loyalty
Customer

satisfaction

The structural model

Exogeneous LV

Endogeneous LV

Recursive model (here!)

𝜉𝟐

𝜉3 𝜉𝟒 𝜉𝟓

𝜉𝟏

𝜉4 = 𝛽31𝜉2 + 𝛽32𝜉3 + 𝛾31𝜉1 + 𝜁3

𝛽31

𝛽32

𝛾31

𝛾11

𝛾21

𝛽21

𝛽43

𝜂𝑛+𝑖 = 𝛃𝑖
⊤𝝃𝑒𝑛𝑑𝑜𝑖

+ 𝛄𝑖
⊤𝝃𝑒𝑥𝑜𝑖

+ 𝜁𝑖

The ith structural equation can be expressed as follows:



In matrix notations:

𝜉2

𝜉3

𝜉4

𝜉5

=

0 0 0 0
𝛽21 0 0 0
𝛽31 𝛽32 0 0

0 0 𝛽43 0

𝜉2

𝜉3

𝜉4

𝜉5

+

𝛾11

𝛾21

𝛾31

0

𝜂1 +

𝜁1

𝜁2

𝜁3

𝜁4

𝝃𝑒𝑛𝑑𝑜 = 𝐁𝝃𝑒𝑛𝑑𝑜 + 𝚪𝝃𝑒𝑥𝑜 + 𝜻

The structural model
Recursive model
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Customer
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quality
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Loyalty
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Exogeneous LV

Endogeneous LV

𝜉𝟐

𝜉3 𝜉𝟒 𝜉𝟓

𝜉𝟏

𝛽31

𝛽32

𝛾31

𝛾11

𝛾21

𝛽21

𝛽43
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All the structural equations can be expressed compactly:

𝝃𝑒𝑛𝑑𝑜 = 𝐁𝝃𝑒𝑛𝑑𝑜 + 𝚪𝝃𝑒𝑥𝑜 + 𝜻 

The structural model 

Denoting 𝝃 = (𝝃𝑒𝑥𝑜; 𝝃𝑒𝑛𝑑𝑜), the correlation matrix between LVs 𝐑 𝛉 = 𝔼 𝝃𝝃⊤

can be expressed in terms of  𝐁, 𝚪, 𝚽 = 𝔼 𝝃𝑒𝑥𝑜𝝃𝑒𝑥𝑜
⊤ and 𝚿 = 𝔼 𝜻𝜻⊤ :

𝐑 𝛉 =
𝔼 𝝃𝑒𝑥𝑜𝝃𝑒𝑥𝑜

⊤ 𝔼 𝝃𝑒𝑥𝑜𝝃𝑒𝑛𝑑𝑜
⊤

𝔼 𝝃𝑒𝑛𝑑𝑜𝝃𝑒𝑥𝑜
⊤ 𝔼 𝝃𝑒𝑛𝑑𝑜𝝃𝑒𝑛𝑑𝑜

⊤

=
𝚽 𝚽𝚪⊤ 𝐈 − 𝐁 −⊤

𝐈 − 𝐁 −1𝚪𝚽 𝐈 − 𝐁 −1 𝚪𝚽𝚪⊤ + 𝚿 𝐈 − 𝐁 −⊤



(restricted) MLE for SEM 

with factors and composites

Assuming that the vector 𝒚 of observed variables has a multinormal distribution, we 

consider the minimizing the maximum likelihood fitting function 

𝐹 𝛉 = log 𝚺 𝛉 + tr 𝚺 𝛉 −1𝐒 − log 𝐒 − 𝑝

subject to 𝝀𝑗
⊤𝚺𝑗𝑗

−1𝝀𝑗=1 for block associated with composites 

SOLNP (Ye, 1987) for minimizing 𝐹 𝛉 .

Ye (1987), Interior algorithms for linear, quadratic, and linearly constrained non linear programming, PhD Thesis, Department of EES Stanford 

University, Stanford CA.

The SEM for factors and composites can be summarized by:

𝚺 𝛉 = 𝚲𝐑𝚲⊤ + 𝚯 + diag 𝚺11 − 𝝀1𝝀1
⊤ + 𝚯1 , … , 𝚺𝐽𝐽 − 𝝀𝐽𝝀𝐽

⊤ + 𝚯𝐽𝚺 𝛉 = 𝚲𝐑 𝛉 𝚲⊤ + 𝚯 + diag 𝚺11 − 𝝀1𝝀1
⊤ + 𝚯1 , … , 𝚺𝐽𝐽 − 𝝀𝐽𝝀𝐽

⊤ + 𝚯𝐽



SEM for factors and composites

𝚽

𝐁

𝚿

𝚪

𝚯

𝚲Measurement 

model parameters

Latent variable 

model parameters

IMPORTANT RESULTS 

All these parameters can be 

expressed in terms of 𝚲 and 𝚺!

         &

෡𝚲 𝐜𝐚𝐧 𝐛𝐞 𝐨𝐛𝐭𝐚𝐢𝐧𝐞𝐝 𝐛𝐲 𝐒𝐕𝐃

𝚺 𝛉 = 𝚲𝐑 𝛉 𝚲⊤ + 𝚯 + diag 𝚺11 − 𝝀1𝝀1
⊤ + 𝚯1 , … , 𝚺𝐽𝐽 − 𝝀𝐽𝝀𝐽

⊤ + 𝚯𝐽

The SEM for factors and composites can be summarized by:



𝝀𝑗  𝐢𝐬 𝐨𝐛𝐭𝐚𝐢𝐧𝐞𝐝 𝐛𝐲 𝐒𝐕𝐃

𝛌𝑗 = 𝛌𝑗 𝛌𝑗
∗⇒

• The normalized loading vector 𝛌𝑗
∗ = 𝛌𝑗/ 𝛌𝑗 is the unit norm eigenvector of the

rank-1 matrix 𝚺𝑗𝑘𝚺𝑘𝑗 = 𝜌𝑗𝑘
2 𝛌𝑘

2𝝀𝑗𝝀𝑗
⊤: 

෍

𝑘=1:𝑘≠𝑗

𝐽

𝚺𝑗𝑘𝚺𝑘𝑗 = ෍

𝑘=1:𝑘≠𝑗

𝐽

𝜌𝑗𝑘
2 𝛌𝑘

2𝝀𝑗𝝀𝑗
⊤

To avoid choosing a specific pair, 𝑘, 𝑗 we can choose 𝛌𝑗
∗ as unit norm eigenvector of the 

rank-1 matrix: 



Parameters of the model in terms of 𝚲∗ and 𝚺

All the parameters can be expressed in terms of 𝝀𝑗
∗ and 𝚺𝑗𝑗 !!

𝚯𝑗 = 𝔼 𝜺𝑗𝜺𝑗
⊤ = diag 𝜃𝑗1, … , 𝜃𝑗ℎ, … , 𝜃𝑗𝑝𝑗

𝒚𝑗  =  𝝀𝑗  𝜉𝑗 + 𝜺𝑗 𝜀𝑗ℎ ⊥ 𝜀𝑗𝑙

𝜺𝑗 ⊥ 𝜉𝑗
Standardized 𝜉𝑗

The measurement model

𝚺𝑗𝑘 = 𝜌𝑗𝑘𝝀𝑗𝝀𝑘
⊤

Correlations between LVs

Variance of the residuals 𝜃𝑗ℎ

𝛌𝑗
2

=

𝛌𝑗
∗⊤

𝚺𝑗𝑗 − diag 𝚺𝑗𝑗 𝛌𝑗
∗

1 − 𝛌𝑗
∗⊤diag 𝛌𝑗

∗𝛌𝑗
∗⊤ 𝛌𝑗

∗
,  for factor 

1

𝛌𝑗
∗⊤𝚺𝑗𝑗

−1𝛌𝑗
∗

,  for composite

Norm of the loading vector 𝛌𝑗

The same stands for 𝐁, 𝚪, 𝚽, 𝚿

⇔   𝝀𝑗
⊤𝚺𝑗𝑘𝝀𝑘 = 𝜌𝑗𝑘𝝀𝑗

⊤𝝀𝑗𝝀𝑘
⊤𝝀𝑘

⇔  𝜌𝑗𝑘 =
𝝀𝑗

⊤𝚺𝑗𝑘𝝀𝑘

𝝀𝑗
2

𝝀𝑘
2

𝜃𝑗ℎ = var 𝜀𝑗ℎ = var 𝑦𝑗ℎ − 𝜆𝑗ℎ 𝜉𝑗  

= var 𝑦𝑗ℎ − 2cov 𝑦𝑗ℎ,  𝜆𝑗ℎ 𝜉𝑗 + var  𝜆𝑗ℎ𝜉𝑗

= var 𝑦𝑗ℎ − 2cov  𝜆𝑗ℎ𝜉𝑗 + 𝜀𝑗ℎ,  𝜆𝑗ℎ 𝜉𝑗 + 𝜆𝑗ℎ
2

= var 𝑦𝑗ℎ − 𝜆𝑗ℎ
2

𝛌𝑗
∗ is the unit norm eigenvector of ෍

𝑘=1:𝑘≠𝑗

𝐽

𝚺𝑗𝑘𝚺𝑘𝑗

= var 𝑦𝑗ℎ −  𝜆𝑗ℎ
2∗

𝜆𝑗
2

=
𝝀𝑗

∗⊤𝚺𝑗𝑘𝝀𝑘
∗

𝝀𝑗 𝝀𝑘



SVD-SEM

෣‖𝛌𝑗‖

෤𝜌𝑗𝑘 =
෠𝛌𝑗

∗⊤
𝐒𝑗𝑘

෠𝛌𝑘
∗

෣‖𝛌𝑗‖ ෣‖𝛌𝑘‖

෠𝛌𝑗 = ෣‖𝛌𝑗‖෠𝛌𝑗
∗

෩𝐑 = ෤𝜌𝑗𝑘

෡𝐁, ෠𝚪, ෡𝚿, ෡𝚽

෡𝐑

෡𝚯

All these estimators are Consistent 

and Asymptotically Normal (CAN) 

෠𝛌𝑗
∗

Eigen decomposition 

of  σ𝑘=1:𝑘≠𝑗
𝐽 𝐒𝑗𝑘𝐒𝑘𝑗

The model implied covariance matrix ෡𝚺 = ෡𝚺𝑗𝑘  is deduced:

෡𝚺𝑗𝑗 = ൞

෠𝛌𝑗
෠𝛌𝑗

⊤ + ෡𝚯𝑗 ,  for reflective block

𝐒𝑗𝑗,  for formative block

෡𝚺𝑗𝑘 = ො𝜌𝑗𝑘
෠𝛌𝑗

෠𝛌𝑘
⊤, for j ≠ 𝑘

ෝ𝐰𝑗 =
𝐒𝑗𝑗

−1 ෠𝛌𝑗
∗

෠𝛌𝑗
∗⊤

𝐒𝑗𝑗
−1 ෠𝛌𝑗

∗
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SEM with factors and composites

Monte-Carlo Simulation

We generate 1000 samples of n =300

observations by random drawings

from N 𝟎, 𝚺 𝛉 .



24

SEM with factors and composites

Monte-Carlo Simulation

We generate 1000 samples of n =300

observations by random drawings

from N 𝟎, 𝚺 𝛉 .



25

SEM with factors and composites

Monte-Carlo Simulation

We generate 1000 samples of n =300

observations by random drawings

from N 𝟎, 𝚺 𝛉 .



26

SEM with factors and composites

Monte-Carlo Simulation
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SEM with factors and composites

Monte-Carlo Simulation

We generate 1000 samples of n =300

observations by random drawings

from N 𝟎, 𝚺 𝛉 .
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svdSEM for Customer Satisfaction
standardized results

Perceived

value

Customer

Expectation

Perceived

quality

Customer

Loyalty
Customer

satisfaction

CE1

CE3

PQ1

PQ2

PQ3

PQ4

PQ5

PQ6

PQ7

CS1 CS3CS2 CL1 CL3CL2PV1 PV2

CE2

𝐑𝟐 =.79

𝐑𝟐 =.46 𝐑𝟐 =.93 𝐑𝟐 =.74

.51

.44

.42

.80

.54

.77

.66

.67

.65

.82

.75 .93 .70 .72 .80 .62 .16 .83

cor 𝑦𝑗ℎ, 𝜉𝑗

𝑑𝐿𝑆
෡𝚺, 𝐒 =

1

2
trace ෡𝚺 − 𝐒

2
= 0.52

.89

.03

.66

-.08

.89

.20

.86

𝝃𝑛+𝑖 = 𝛃𝑖
⊤𝝃𝑒𝑛𝑑𝑜𝑖

+ 𝛄𝑖
⊤𝝃𝑒𝑥𝑜𝑖

+ 𝜁𝑖

OLS/2SLS
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SEM-ML for Customer Satisfaction
Standardized results

Perceived

value

Customer

Expectation

Perceived

quality

Customer

Loyalty
Customer

satisfaction

CE1

CE3

PQ1

PQ2

PQ3

PQ4

PQ5

PQ6

PQ7

CS1 CS3CS2 CL1 CL3CL2PV1 PV2

CE2

.55

.46

.42

.78

.58

.75

.70

.69

.71

.76

.74 .94 .70 .75 .80 .63 .12 .87

.86

𝐑𝟐 =.74

-.13

.79

𝐑𝟐 =.46
.04

.72

.25

𝐑𝟐 =.87

.80

𝐑𝟐 =.65

𝑑𝐿𝑆
෡𝚺, 𝐒 =

1

2
trace ෡𝚺 − 𝐒

2
= 0.46
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Comparison between SVD-SEM and ML-SEM

LVs
Standardized 

loadings
svdSEM ML-SEM

value p-value value p-value

Customer 

expectation

𝜆11 .512 .000 .549 .000

𝜆12 .438 .000 .460 .000

𝜆13 .416 .000 .423 .000

Perceived 

quality

𝜆21 .804 .000 .775 .000

𝜆21 .542 .000 .575 .000

𝜆23 .774 .000 .750 .000

𝜆24 .660 .000 .707 .000

𝜆25 .670 .000 .691 .000

𝜆26 .652 .000 .706 .000

𝜆27 .819 .000 .756 .000

Perceived 

value

𝜆31 .754 .000 .742 .000

𝜆32 .929 .000 .943 .000

Customer 

satisfaction

𝜆41 .697 .000 .696 .000

𝜆42 .722 .000 .752 .000

𝜆43 .799 .000 .801 .000

Customer 

loyalty

𝜆51 .623 .000 .625 .000

𝜆52 .157 .050 .118 .090

𝜆53 .830 .000 .865 .000
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Comparison between svdSEM and ML-SEM

(structural model)

Dependent variable Explanatory variable svdSEM ML

coefficient p-value coefficient p-value

Perceived quality Customer expectation .889 .000 .857 .000

Perceived value

Customer expectation .027 .955 -.129 .619

Perceived quality .655 .161 .785 .001

Customer satisfaction

Customer expectation -.081 .760 .038 .838

Perceived quality .893 .000 .715 .000

Perceived value .196 .030 .245 .000

Customer loyalty Customer satisfaction .862 .000 .804 .000

R-squared svdSEM ML-SEM

Perceived quality .79 .74

Perceived value .46 .46

Customer satisfaction .93 .87

Customer loyalty .74 .65
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Conclusion

1. In addition to RML-SEM, we proposed a non-iterative SVD-based 

approach for obtaining consistent and asymptotically normal estimators 

of the parameters of SEM with factors and composites.  

2. svdSEM and RML-SEM gives very close results.

3. svdSEM opens interesting avenues to be explored :

• CAN estimators ⇒ test of significance can be derived,

• SEM in  high dimensional settings,

• large number of blocks, 

• Several LVs per blocks,

• Sparsity.
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Conclusion

R package: https://github.com/Tenenhaus/SEMFC

https://github.com/Tenenhaus/SEMFC


• OLS for recursive model

• 2SLS for nonrecursive model

𝛃𝑖

𝜸𝑖
=

𝔼 𝝃𝑒𝑛𝑑𝑜,𝑖𝝃𝑒𝑥𝑜
⊤ 𝔼 𝝃𝑒𝑥𝑜𝝃𝑒𝑥𝑜

⊤ −1
𝔼 𝝃𝑒𝑥𝑜𝝃𝑒𝑛𝑑𝑜,𝑖

⊤ 𝔼 𝝃𝑒𝑛𝑑𝑜,𝑖𝝃𝑒𝑥𝑜,𝑖
⊤

𝔼 𝝃𝑒𝑥𝑜,𝑖𝝃𝑒𝑛𝑑𝑜,𝑖
⊤ 𝔼 𝝃𝑒𝑥𝑜,𝑖𝝃𝑒𝑥𝑜,𝑖

⊤

−1

                                                                    

     

    ×
𝔼 𝝃𝑒𝑛𝑑𝑜,𝑖𝝃𝑒𝑥𝑜

⊤ 𝔼 𝝃𝑒𝑥𝑜𝝃𝑒𝑥𝑜
⊤ −1

𝔼 𝝃𝑒𝑥𝑜𝜉𝑛+𝑖

𝔼 𝝃𝑒𝑥𝑜,𝑖𝜉𝑛+𝑖

𝛃𝑖

𝜸𝑖
= 𝔼 𝝃𝑖𝝃𝑖

⊤ −1
𝔼 𝝃𝑖𝜉𝑛+𝑖

𝐁 & 𝚪 in terms of 𝐑



𝛌𝑗  for reflective block in term of 𝛌𝑗
∗ and 𝚺   

From 𝛌𝑗
∗ =

𝛌𝑗

𝛌𝑗

, it comes: 𝛌𝑗
2

𝝀𝑗
∗⊤

𝚺𝑗𝑗
−1𝝀𝑗

∗ = 1

• From 𝝀𝑗 = 𝑐𝑜𝑣 𝒚𝑗 , 𝐰𝑗
⊤𝒚𝑗 = 𝚺𝑗𝑗𝐰𝑗 ⇒ 𝝀𝑗

⊤ 𝚺𝑗𝑗
−1𝝀𝑗 = 1

• We assume standardized LVs:

var 𝜉𝑗 = var 𝐰𝑗
⊤𝒚𝑗 = 𝐰𝑗

⊤ 𝚺𝑗𝑗𝐰𝑗 = 1

⇒ 𝛌𝑗
2

=
1

𝝀𝑗
∗⊤𝚺𝑗𝑗

−1𝝀𝑗
∗

, for formative block.



𝛌𝑗  for formative block in term of 𝛌𝑗
∗ and 𝚺   

The basic measurement model implies: 𝚺𝑗𝑗 = 𝝀𝑗𝝀𝑗
⊤ + 𝚯𝑗. Therefore, any of diagonal 

term 𝜎𝑗𝑗,ℎ𝑙 of 𝚺𝑗𝑗 can be decomposed as:

𝜎𝑗𝑗,ℎ𝑙 = 𝜆𝑗ℎ𝜆𝑗𝑙 = 𝛌𝑗
2

𝛌𝑗ℎ
∗ 𝛌𝑗𝑙

∗ 𝛌𝑗
2

=
𝜎𝑗𝑗,ℎ𝑙

𝛌𝑗ℎ
∗ 𝛌𝑗𝑙

∗⇒

To avoid choosing a specific pair ℎ ≠ 𝑙, the slope of the least squares regression line 

can be used:

𝛌𝑗
2

=
σℎ<𝑙 𝛌𝑗ℎ

∗ 𝛌𝑗𝑙
∗

2
𝜎𝑗𝑗,ℎ𝑙

σℎ<𝑙 𝛌𝑗ℎ
∗ 𝛌𝑗𝑙

∗
2 , for reflective block.
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