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Clustering

@ Clustering: aims to divide a data set into clusters such that

e objects belonging to the same cluster are similar to each other and dissimilar
to objects belonging to other clusters

@ Clustering is successfully applied in different fields:
e bioinformatics, image processing, information retrieval, etc

@ the most popular cluster structures produced by clustering algorithms:
e hierarchy and partition

@ there is many approaches and algorithms to data clustering

o however, k-means is still the most popular
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K-means

@ k-means works well when the clusters are compact, linearly separable
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K-means drawbacks

@ k-means fails when the clusters are arbitrarily shaped, of different densities,
not linearly separable
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Kernel based clustering

o Kernel based clustering: the basic idea [10]
e to project the data into a higher dimensional space through some (nonlinear)
mapping
e expectation: in high-dimensional spaces it will be obtained well defined and
linearly separable groups

José Nataniel & Marcelo Ferreira & Francisco Carvalho
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K-means versus Kernel based k-means clustering
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Mercer Kernel

Applied successfully on regression, classification and clustering [24], [25]
E ={e1,...,e,}: aset of n objects described by p real-valued variables;
x; = (X1, .., xpp) € RP: the description of the k' object e;;

D = {x1,...,X,}: data set
K :D x D — Ris a positive definite kernel, Mercer kernel [11]:
o KC(xi,xx) = K(xk, x;) (symmetry)

n n
o > > akK(xi,xk) >0,Vn>2 ¢i,ck €ER
i=1 k=1

José Nataniel & Marcelo Ferreira & Francisco Carvalho Cin/UFPE & DE/UFPB



Introduction
0O00000e0000

Mercer Kernel

@ ®:D — F: anonlinear mapping from D to a high dimensional feature space
5

o Key idea: ® does not need to be explicitly specified because each Mercer
kernel can be expressed as KC(x;, xx) = ®(x;) " ®(xx)

@ Application: compute Euclidean distances in F without knowing explicitly ®
(kernel trick):

[(x1) — S(xk) [ = (P(x1) — P(xk)) " (P(x1) — P(xk)) =
’C(X/, X/) — QIC(X/, Xk) + ]C(Xk, Xk)

José Nataniel & Marcelo Ferreira & Francisco Carvalho Cin/UFPE & DE/UFPB 8/60



Introduction B i or the WDBC dataset C
00000008000 O ¢

Gaussian Kernel K-means with prototypes in the original input
space

@ The cluster representatives are in the original input space

@ |t provides a crisp partition of the objects into K clusters as well as the
cluster representatives (prototypes)

@ based on a suitable objective function

o Let:
o E={e,...,en}: the set of examples, individuals, objects, etc.
e Xi = (Xj1,...,Xj,-..,Xpp): description of object ¢; (1 < i < N)
o X = (X,‘j)lg,'gl\/i data matrix
1<j<P
o P={Pi,...,Px}: crisp partition of E in K clusters
o g« = (gk1,---,8k;---,8kp): cluster representative (prototype) of cluster
Pi(1<k<K)
o G = (gkj)1<k<k: matrix of prototypes
1<j<P

U = [uik]1<i<n is the crisp membership matrix of the objects, where wjx
1ZK<K

denotes the membership degree of the object i into k™" object cluster, s.t.
u € {0,1} and 8, uy = 1;

José Nataniel & Marcelo Ferreira & Francisco Carvalho Cin/UFPE & DE/UFPB 9/60
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Gaussian Kernel K-means with prototypes in the original input
space

@ Objective Function |

n

K
=D (w)lo(x) — ()

k=1 i=1
o Kernel trick

[P (x;) — D(gi) 1> = (P(xi) — P(gk)) ' (P(xi) — P(gxk))
= K(xi, xi) — 2K(x;, g«) + K(g«k, 8k)

@ Objective Function Il

n

K
J(G,U) =) _ (uiwe) (K(xi, xi) — 2K(xi, 8k) + K(gk, 8k))
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Gaussian Kernel K-means with prototypes in the original input
space

@ Gaussian kernel
[Ixi — gll? 1~ 1

Kg(xi gk) = exp {—%2 =expy —3 > — (x5 — 8w)’

j=1

@ 0?2 is the bandwidth hyper-parameter of the Gaussian kernel
@ 02 is the same for all the variables and it is tuned once and for all
@ Objective Function Il

K n

J(G,U) =D (uix) (2 — 2Kg(xi, &)

k=1 i=1
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Co-clustering (double k-means)

@ Unlike traditional clustering, that peform one-side clustering, Co-clustering is
a technique that simultaneously groups objects and variables in a data
matrix;

o Co-clustering algoritms seek by blocks (co-cluster) of objects and variables
whose elements are similar;

@ Provide a lower-dimensional matrix consisting of representative values of each
block.

Reorganized data matrix
(Co-clustering)

Initial data matrix

Lower dimensional
25 21 101 128 145 matrix (prototypes)

55.7 68.5 27.1 32.3 34.0

06 07 89 93 102 11.7
_
12 19 135 147 116 [70.0

75.8 80.0 33.3 29.0 28.5
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Motivation

@ Among the kernel based clustering algorithms, the conventional Gaussian
kernel c-means is the most popular
o it provides good results and requires the tunning of a single parameter, the

bandwidth parameter
o this parameter is tuned once and for all (using strategies such as
cross-validation or empirical techniques) and it is the same for all variables
e thus, the variables are equally rescaled and implicitly it is assumed that they
have the same importance for the clustering task
o However [9, 14, 20]
e some variables are irrelevant while others have different levels of relevance for

the clustering task
e each cluster may have its own different set of relevant variables

Cin/UFPE & DE/UFPB 13 /60
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Proposal

o Fuzzy (GKFDK) and Crisp (GKHDK) Gaussian Kernel-Based Co-clustering
with Automatic Bandwidth Computation;

We propose hard and fuzzy kernel co-clustering with learnable bandwidth
parameters
Since co-clustering simultaneously groups objects and variables, we introduced
bandwidth parameter structures for objects, variables or both
These bandwidth parameters can be the same for all clusters (global
methods), or they can also vary across clusters (local methods)
In local methods, when the bandwidth parameter is defined in terms of
objects, these are different for each variable cluster
Likewise, when the bandwidth parameter is defined in terms of variables, these
are different for each object cluster
Main advantages
@ There is no need for an additional step to tune the bandwidth parameter
@ This parameter is not unique for the entire dataset, but different for objects,
variables or both
@ The proposed methods can rescale the objects and variables separately,
according to their distribution
@ In the local case, the proposed methods can rescale also according to the
distribution in each variable cluster and object cluster

José Nataniel & Marcelo Ferreira & Francisco Carvalho Cin/UFPE & DE/UFPB 14 /60
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Definitions

e N is the number of objects, P is the number of variables, K (K < N) is the
number of object clusters and H (H < P) is the number of variable clusters;

X = [xj]i<i<n (xj € R) is a data matrix (dataset);
15/<P

G = [gkn]i<k<k (gkn € R) is the prototype matrix (representative of the
1<h<H

co-clusters);

U = [ui] 1<i<n is the (crisp, fuzzy) membership matrix of the objects, where
1<k<K

ujx denotes the membership degree of the object i into k' object cluster, s.t.

either uy € {0,1} and Z,’f:l uix = 1 (crisp versions) OR uy € [0, 1] and

Zszl uy = 1 (fuzzy versions);

V = [vjs] 1<j<p is the (crisp, fuzzy) membership matrix of the variables,
1<h<H

where vj, denotes the membership degree of the variable j into h*" variable
cluster, s.t. either vj, € {0,1} and 27:1 vin = 1 (crisp versions) OR
vin € [0,1] and ZhH:I vin = 1 (fuzzy versions).

José Nataniel & Marcelo Ferreira & Francisco Carvalho Cin/UFPE & DE/UFPB 15 /60
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Gaussian Kernel functions according to the bandwidth parameter
structure

Table 1: Gaussian kernel functions.

ID Name Equations Constraints
Gaussian Kernel with 3 _ P 1 _
Global Width Per Variable < 8ul) = & { = 1 0—g | ) s=lhose sty =1
Gaussian Kernel with N
Giobal Width Per Object 05 &l = exp { — b j—)?} @) s =bihicn st Il 3y =1

Gaussian Kernel with
3 T G wigth Klwulsig) =eo{ - 33 E0i-sw?} ()

s = [sih<ien, st [T 1=1 and

P 1
wjsp st g =

Gaussian Kernel with

_ 11 )2 S = [sylick<k, st [y =1 (1< k<K
Local Width Per Variable K(xi genlsig) exp{ 2 (&) } ) [ J]llzng Hj*l % ( )
Gaussian Kernel with 11 s N 1
Local Width Per Object i gualsn) = exp { — 3 Ca-au) | () §=luhgrgp stlliazg =10 <h<H)
. . S = [shili<h<H, St I-N,izl 1< h<H),and
6 Gau.ssum Kernell with Il el Go)) = exp{ - lizlz(xi'*gkh)z} © [ ]@@N  J =2 ( )
Joint Local Width 7 I 28h s\ Y S = [sili<k<k, st ij;l SLZ =1(1<k<K)
<< i
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Gaussian Kernel-based hard co-clustering with automatic
bandwidth computation (GKHDK)

Table 2: Objective functions for the proposed hard methods.

Jaxupk-awy =2 Y (ui) (vjn) (1= K(xj, genls?)) (7)
K.hoi.j

Joxupk-awo =2 Y (ux) (vjn) (1 — K(xy, genls?)) (8)
K,hoi.j

Jaxupk—saw =2 Y (ui) (vn) (1 = K(xj, gunls?. s7))  (9)
Kohoioj

Joxupk-twyv =2 Y (uik) (vin) (1 = K(xj, gl siy)) (10)
K,hii.j

Jaxupk-two =2 Y (uix) (vin) (1 = K(xj. genl5%:)) (11)
K,hoioj

JGKHDK—JLW = 2 Z (uix) (vin) (1 — K(xg, grnlsti sz))  (12)
Kohoi.j

José Nataniel & Marcelo Ferreira & Francisco Carvalho Cin/UFPE & DE/UFPB
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Gaussian Kernel-based hard co-clustering with
automatic bandwidth computation (GKHDK)

@ It starts from a random initialization of the partitions U and V

It iteratively minimizes its objective function with respect to
o the bandwidth parameters s or/and s (global methods) or S or/and S (local
methods)
e the prototypes G
o the hard partition of objects U;
e the hard partition of variables V.

until reach a stopping criterion

During the optimization steps, one component is updated while the others
are kept fixed.

José Nataniel & Marcelo Ferreira & Francisco Carvalho Cin/UFPE & DE/UFPB 18 /60
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Gaussian Kernel-based hard co-clustering with automatic
bandwidth computation (GKHDK)

Table 3: Lagrangian functions for the proposed hard methods

LGKHDK-GWV = 2 Z (uir) (vin) (1 = K(xij> granls7)) —p (H/il é = 1) (13)
Kohiioj

LGKHDK-GWO = 2 ZJ(Uik) (vin) (1 = K(xy, genls?)) —n (H{V:l % - 1) (14)
Ko

LekuDK-JGW = 2 Z‘/(Uik) (vin) (1 = K(xj, gunls?, 57)) —p (H,’;l 51? - 1) =1 (H,N:1 ﬁ% - 1) (15)
Kohoioj

LGKHDK-LWV = 2 Z (Uik) (th) (1 - K:(Xijvgkh‘szj)) - Zk Pk (Hle % - 1) (16)
Ko

LGKHDK-ILWO = 2 ZJ(Uik) (vin) (1 = K(xii> genl557)) = > 7h (H,’-V:l # = 1) (17)
Koot

LoKHDK—JIw = 2 Z (uir) (vin) (1 = K(xijs Gnlshis 55)) — Dok Pk (H,-P:l % - 1) — > nTh (vazl %/z’ - 1) (18)
Kohi

José Nataniel & Marcelo Ferreira & Francisco Carvalho Cin/UFPE & DE/UFPB 19
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Step 1: Computation of the bandwidth

Table 4: Bandwidth hyperparameters for the proposed hard methods.

Algorithm Width
;
N
GKHDK-GWV & = M where D; = > (ui) (vin)K(xi, &nls?) (xif — 8in)? (19)
! kyh,i
N pr X
GKHDK-GWO & = M where Df = > (ui) (vin)K (x3, 81n/7) (x5 — 8n)? (20)
k,hj
P p2)F 1
3= W2 here D2 = 3™ (un)(vn)K . guals?, ) 5 (s — g (21
g % 4 7
k,h,i
GKHDK-JGW
]
L
== % where D? = (u)(vin)K(xj» &knls?, 5 )7(XU gn)  (22)
k,h.j J
i
I17., Di)*
GKHDK-LWV & = % where DZ = " (uix) (vin)K (i, 8kn|siy) (xis — &kn)° (23)
h,i
N p2 T
GKHDKAWO & = LSRR where D2 = S () (v )X e, grolsh) s — gun)? (24)
k.j
;
117, 02)” 1
== ( },ék) . where Df; = Z(u,-k)(vjh)lC(xU,gkh\sﬁ,uSEJ);%_(XU — &)’ (25)
h,i 4
GKHDK-JLW
o G 1
é _ (l_l/le)2 i) , where D2, = Z(uik)(vjh))C(x,ygkh\ﬁf,,ﬂ,SEJ‘)ST(XU — gun)’ (26)
: ; & ]

José Nataniel & Marcelo Ferreira & Francisco Carvalho Cin/UFPE & DE/UFPB 20 /60
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Step 2: Representation

Table 5: Representative values for proposed hard methods.

Algorithm Prototype
1
D)) 2K unl )i
GKHDK-GWV ggp=—4 7 27
8l

k) o) K gals)
/

i

1
Z(Uik)(Vm);K(XU-gkh\ﬁ?)Xu'
GKHDK-GWO gy = 2 - (28)
> (i) (v :g’c(xrhgkh\sy?)
iJ i
(i) (vin) 2K (i gunls7 - 57)x;
GKHDK-JGW gy, = 2 : — (29)
Z(Urk)(%h)gst(Xu=gkh\5, ,57)
Ll

i

9~

Y

|

1
Z(Uik)(Vm)STK(Xv-gMS@)Xf/
; i
GKHDK-LWV gy = /’1—2 (30)
D (i) (vin) 5 K(x; gvnls?;)

Ski

i

1
Z(U:k)(%)j’c(xwgkh\f'»z")xu
. E
GKHDK-LWO g =" (1)
Ko 10l52)

11
Z(Uik)(Vm)?STK(Xu-gkh\sirvsfj)Xi/
i 'hi 2kj

GKHDK-JLWW g, = 2 1’1 - — (32)
D) () o7 o7 Kl gl )
i Shi Sij
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Step 3: Object assignment

Table 6: Hard assignment rule of the objects for the proposed methods.

Algorithm Assignment rule
1, if k = argmin Z(th)(l = K(ijﬁgrh\sjz))
GKHDK-GWV  uj, = 1<r<K 4 (33)

0, otherwise

1, k= argUlHlZ(Vm (1 — Kl gnls?))
1<r<K (34)

GKHDK-GWO  uy =
0, otherwise

1, if k = argmin Z(VJ;, (1- (x,-j,g,h\sfsj?))
1<r<k 47 (35)

GKHDK-JGW  uj =
0, otherwise

{L if k= arvmln Z(VJ/-, )1 - /C(x,-}ug,;,\sfj))

1<r< (36)
0, otherwise

GKHDK-LIWV  uj =

1, if k = argmin Z(th)(l - K(xg,g,h\ﬁi,-))
GKHDK-LWO  uy = 1SrsK 7 (37)

0, otherwise

1, if k = argmin Z(\/jh)(l — K(xi, gnlsa;, sfj))
GKHDK-JLW  uy = 1Sr<K 4 (38)

0, otherwise

José Nataniel & Marcelo Ferreira & Francisco Carvalho Cin/UFPE & DE/UFPB
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Step 4: Variable assignment

Table 7: Hard assignment rule of the variables for the prposed methods.

Algorithm Assignment rule

1, if h= argmin ui) (1 = K(xij, gulls?
{ g ;( (L — K(xj, guls))

GKHDK-GWV v}, = (39)

0, otherwise

1, ifh= argnnnz ui) (1 — K(xyj, guls?))

1<I<H (40)
0, otherwise
1, ifh= argnnnz uik)(1 — IC(x,j,gklls ))

IISH (41)
0, otherwise

{1, if h= argmmz uik)(1 — IC(x,j,gk/|skj))

GKHDK-GWO v, =

GKHDK-JGW v, =

GKHDK-LWV v = 1<I<H (42)

0, otherwise

1, ifh= argmmz uik)(1 — ’C(Xq,gk/|5m))
1<I<H (43)
0, otherwise

GKHDK-LWO v, =

1, ifh= argmmz uik)(1 — ’C(Xq,gk/|5m sk]))
SIS (44)

0, otherwise

GKHDK-JLW v, =

José Nataniel & Marcelo Ferreira & Francisco Carvalho Cin/UFPE & DE/UFPB
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Algorithm 1 Hard co-clustering algorithms with automatic bandwidth computation

1: Input

2: X (the dataset); K (the number of object clusters); H (the number of variable clusters); T
(maximum number of iterations).

Output

: U (the hard partition of objects);

: V (the hard partition of variables);

G (the matrix K x H with the prototypes of each block);

s or/and s ( the vector of bandwidth parameters for the global methods), and S or/and S (
the matrix of bandwidth parameters for the local methods).

Initialization

t«0

Nogohsw

o X

- (0 set s% := [1]1<j<p or/and FOR %2 = [li<i<n or

J
S(O): set s% = [lllngK or/and S(O)Z 5% = [1]1§h§/.[;
ki 1<j<pP hi 1<i<N
11: UO): randomly assign each object i to a object cluster k Vk;
12: V(9. randomly assign each variable j to a variable cluster h Vh;

13: G(O: initialize the prototypes gi, Vk, h, as:

O _ 3 ) () x;
kh — 0 0 ’
(S (Z597)

José Nataniel & Marcelo Ferreira & Francisco Carvalho Cin/UFPE & DE/UFPB
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1: repeat

%: t+—t+1

4: Step 1: Computation of the bandwidth parameters

5: Compute the global bandwidth parameters s(*) and s(t) or the local bandwidth hyperpa-

rameters S() and S() according to the Table 4

Step 2: Representation
Compute the prototype matrix G(!) according to the Table 5

OV X N

1 Step 3: Object assignment

11: Update the hard membership matrix of the objects u® according to the Table 6
12:
13:  Step 4: Variable assignment

14: Update the hard membership matrix of the variables V() according to the Table 7
15:

16: until U= = U®) and V-1 =v(®) or t > T

José Nataniel & Marcelo Ferreira & Francisco Carvalho Cin/UFPE & DE/UFPB
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Gaussian Kernel-based fuzzy co-clustering with automatic
bandwidth computation (GKFDK)

Table 8: Objective functions for the proposed fuzzy methods.

Jaxrpk-cawv =2 Y (i)™ (vn)" (1 = K(xjj, genls?)) (45)
k,h,i.j

Joxrpk-awo =2 (u)"(vin)" (1 = K(xj, gunls7)) (46)
k,h,i,j

Jaxrpk-saw =2 Y (i)™ (vin)" (1 = K(xj, gunls?, 7)) (47)
befinfid

Jaxrpk-twv =2 Y (ui)"(vin)" (1 = K(xj, grnlsg)) (48)
k,h,i.j

Jaxrpk-1wo =2 ¥ (ui)(vin)" (1 — K(xj, gknlshi)) (49)
Koo

JGKFDK—JILW = 2 Z (i)™ (vjn)" (1 — K(xi, ginlsh;» Sfj)) (50)
Befirfid

José Nataniel & Marcelo Ferreira & Francisco Carvalho Cin/UFPE & DE/UFPB 26 /60
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Gaussian Kernel-based fuzzy co-clustering with
automatic bandwidth computation (GKFDK)

@ It starts from a random initialization of the partitions U and V

It iteratively minimizes its objective function with respect to
o the bandwidth parameters s or/and s (global methods) or S or/and S (local
methods)
e the prototypes G
o the fuzzy partition of objects U;
o the fuzzy partition of variables V.

until reach a stopping criterion

During the optimization steps, one component is updated while the others
are kept fixed.

José Nataniel & Marcelo Ferreira & Francisco Carvalho Cin/UFPE & DE/UFPB 27 /60
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Gaussian Kernel-based fuzzy co-clustering with automatic
bandwidth computation (GKFDK)

Table 9: Lagrangian functions for the proposed fuzzy methods
Lormicwy =2 3 ()" ()" (1= K, g0lP)) —p (T & = 1) =0(Seuie—1) = 9(Ty v — 1) (1)
LoKiDK-GWo = 2k'hz‘/_d_(u,-k)m ()" (1= K, gials)) = (T & = 1) = 0( S v = 1) = 9 (S v — 1) (52)
LGKHDK-JGW = 2 %J(Uik)m (vin)" (L = K(xj, gnls?, 57))
k,hij
- (njf;l 1) (L2 -1) -0~ = 9(S,vn—1) (53)
Loxmor-twy =2 3 ()" ()" (1 = KO g1al55) —Sio (T &~ 1) ~0(Seun =1 =9 (Syvn 1) (54)
LGKHDK-LWO = 2 kil(uik)m (vin)" (1 = K(xij, gknls3)) — S 71n (HN & — 1) =0 uk —1) = (X,vin—1) (55)
LGKHDK-JLW = 2 kid(ufk)m (vin)" (1 = K(xj, gunlsh i)
k.h,i,
Som (723 -1) -Zym (T & - 1) - 0(Teuw—1) = 9(Tyvn—1) (56)

José Nataniel & Marcelo Ferreira & Francisco Carvalho Cin/UFPE & DE/UFPB 28 /60
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Step 1: Computation of the bandwidth

Table 10: Width hyperparameters for the proposed fuzzy methods.
Algorithm Width
"ok
GKFDK-GWV % = (H‘Dﬁ) where D? =~ (ui) ™ (vjn)"K (x5, &knl}) (X — &wn)’ (57)
k,h,i
N ok
GKFDK-GWO 3 = (H‘D# where D2 =3 ()™ (vjn)"K(xij, gkn|5?) (xj — &kn)? (58)
k,hj
P p2)F 1
%f = ‘27(“'5/ ) , where Dj2 = Z(Ufk)m(‘/jh)nlc(xijvgkh\S,zvs,’z)g(XU‘ - gkh)z (59)
k.h,i g
GKFDK-JGW
N p2\E 1
&= DT where 02 = 3™ (ui) () K ials? ) (5 — 8 (60)
k,hj J
117, %)
GKFDK-LWV % = % where D, = ;(Uik)m(vjh)nlc(xijagkh‘sl%j)(xfj — &)’ (61)
N op2)E
GKFDK-LWO 3+ = % where D2 = (ui) ™ (vjn)"K (x;, gunlsh;) (i — gun)? (62)
K
17, 07.)? —— 1
- %, where D = ;(Uik) (vjh) ,C(ij:gkh‘ﬁ%i‘sfj);zﬁ(xij —gm)  (63)
GKFDK-JLW
N op2)E 1
& = (5%, where Df = 37 (u)"™ () K0 8l 5) o (i — 8w)? (04)
kj j
1 3

José Nataniel & Marcelo Ferreira & Francisco Carvalho Cin/UFPE & DE/UFPB
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for the WDBC s
Step 2: Representation

Table 11: Representative values for the proposed fuzzy methods.
Algorithm Prototype
1
Z("rk)m(vm)"g’c(xu-Ekn\%z)xu
GKFDK-GWV gy = ’i( o )n‘ )c( > (65)
Uike) Vi)~ =3 A Xij s Bkh|Sj
S
i J
1
D))" 7K (x5 i
GKFDK-GWO g, = 2 T (66)
> (i) (vin)" =K x; &unls?)
3
ij i
11
Z("rk)m(Vm)"??K(Xwgkh\syzv 57 )i
GKFDK-JGW = -2 67
8kh o nil 2 (67)
Uik Vih Xij+ Bkh|5] + ]
! SZSZK' iy IER/1
ij i
m n 1 2
(i)™ (vin) 2 K 8unlsig)xi
GKFDK-LWV gy = 4 o (68)
2 = T
D))" K kvl )
7 i
1
Z(Urk)m(vm)n?)c(xu-gkh‘f‘%r)xv
hi
GKFDK-LWO gy = 2 T (69)
D (i)™ (vin)" K g4ls7:)
i 5,”
> ()" (vy
GKFDK-JGW gy = L

)" K (i, 8rnlsiis 557)ii
Shi Skj

70)
1 (
D (i) (vin)" 5K i 8l %)
Shi Skj
i
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Step 3: Object assignment

The membership degree uy (1 < i< N; 1< k < K) is updated as follows

K. /Dy \ =1
Z ik \ m—
ik = |: (Dir)

r=1

; (1)

where Djy is a distance term, computed according to the Table 12.

Table 12: Distance terms used to compute the fuzzy membership of the objects for the proposed methods.

Algorithm Distance term

GKFDK-GWV Dy = > (vin)"(2 — 2K(xy, gnls?)) (72)
hj

GKFDK-GWO Dy = > (vin)"(2 — 2K (xj, gnls?)) (73)
hj

GKFDK-JGW Dy = > (vjn)"(2 — 2K(xj. gunls?. 7)) (74)
hj

GKFDK-LWV Dy = " (vn)"(2 — 2K(xy, &knls%;)) (75)
hj

GKFDK-LWO  Dj = > (vn)"(2 — 2K(xyj, &kn|5%7)) (76)
h.j

GKFDK-JLW  Dj = Z(\//,,)"(Q — 2Ky, gknlshy, Sfj)) (77)
hj
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Step 4: Variable assignment

The membership degree vj, (1 <j < P; 1 < h < H) is updated as follows

H D/ ﬁ =i
w=2(2)7] - (79)

=1 Jl

where Dj{h is a distance term, computed according to the Table 13.

Table 13: Distance terms used to compute the fuzzy membership of the variables for the proposed methods.

Algorithm Distance term
GKFDK-GWV Dl = > (ui)™(2 — 2K(xj, £nls?)) (79)
ki
GKFDK-GWO Dl = > (ui)™(2 — 2K(xj, gunl57)) (80)
ki

GKFDK-JGW  Dj, = (ui)™(2 — 2K (xj, gunls?, 7)) (81)
ki

GKFDK-LWV D, = Z(u,-k)’"(2 — 2K (i, gkl %)) (82)

GKFDK-LWO D}, = Z(u,k) (2 — 2K (xi, gnlsar) (83)

GKFDK-JLW  Df, = > ~(u)™(2 — 2K (xj, gunls}i» s5;))  (84)

ki
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Algorithm 2 Fuzzy co-clustering algorithms with automatic bandwidth computa-
tion.

1: Input

2: X (the dataset); K (the number of object clusters); H (the number of variable clusters); m
and n (fuzzifier parameters); T (maximum number of iterations); ¢ (threshold parameter).
Output

: U (the fuzzy partition of objects);

¢V (the fuzzy partition of variables);

G (the matrix K x H with the prototypes of each block);

s or/and s ( the vector of bandwidth parameters for the global methods), and S or/and S (
the matrix of bandwidth parameters for the local methods).

Noahrw

8: Initialization
9: t« 0 . L
10: s(@: set 2= [1]i<j<p or/and 5(0); 7= [i<i<wn or
J I
S©: set % := [1]1<x<k or/and sO: & = [lh<h<h;
Sk/ 1<j<P 5h1 1<iSN

11: U(®: initialize randomly U(® according to the restrictions imposed.
12: V(9 initialize randomly V(©) according to the restrictions imposed.
13: G(9): initialize the prototypes gi V k, h, as:

g(o) _ 2 ,J( ) ( ) Xij
Wy Jh))n

14: Compute JngEw according to Table 8.
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1: repeat

%: t+—t+1

4: Step 1: Computation of the bandwidth hyperparameters

5: Compute the global bandwidth parameters s(*) and s(t) or the local bandwidth hyperpa-

rameters S() and () according to the Table 10

6
7 Step 2: Representation

8: Compute the prototype matrix G(t) according to the Table 11
9

0

Step 3: Object assignment Update the fuzzy membership matrix of the objects u®
according to the Table 12

12: Step 4: Variable assignment
13: Update the fuzzy membership matrix of the variables V(1) according to the Table 13
14: JoLp < INEW )

Compute JngEw according to Table 8.

15:
16: until ‘jNEW — jOLD‘ <egort>T.
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Experimental evaluation

@ Experimental trials with datasets from public repositories were performed;

@ Metrics
Metric Acronim  Type Interval
Adjusted Rand Index [15] ARI Hard  [-1, 1]
Accuracy [29] ACC Hard [0, 1]
Normalized Mutual Information [28] NMI Hard [0, 1]
F-Measure [3] FM Hard [0, 1]
Hullermeier Index [16] HUL Fuzzy [0, 1]

@ The higher the values of the metrics, the better the results

@ From a fuzzy partition U = [uj]1<i<n, a crisp partition Z = {Z4, ..., Zk}
1<k<K
can be obtained as follows:

={i DU = ; < k<
Zr={ie{l,..,N}: uy 1rgnraSXK urt (1< k<K)
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State of art methods

Table 14: Characteristics of the state-of-the-art methods compared in this work.

Methods @odiEEi 7 Out.p.ut Kernel Automat'\clwidth Time.

Partition approach ? computation ? complexity
KM [19] No Hard No No O(TKNP)
KKM [23] No Hard Yes No O(TKNP)
KCM-K-GH [7] No Hard Yes Yes O(TKNP)
KCM-K-LH [7] No Hard Yes Yes O(TKNP)
FCM [4] No Fuzzy No No O(TKNP)
KFCM [13] No Fuzzy Yes No O(TKNP)
KFCM-K-H [6] No Fuzzy Yes Yes O(TKNP)
KFCM-K-W.2 [27] No Fuzzy Yes Yes O(TKNP)
DK [21] Yes Hard No No O(TKHNP)
CCMOD [1] Yes Hard No No O(TKNP)
SCC [g] Yes Hard No No O(TNP LOG{R})
SBC [17] Yes Hard No No O(TNP LOG{R})
FDK [18] Yes Fuzzy No No O(TKHNP)
WFDK [18] Yes Fuzzy No No O(TKHNP)
GKFDK [22] Yes Fuzzy Yes No O(TKHNP)
WGKFDK [22] Yes Fuzzy Yes No O(TKHNP)
GKHDK-GWV (ours) Yes Hard Yes Yes O(TKHNP)
GKHDK-GWO (ours) Yes Hard Yes Yes O(TKHNP)
GKHDK-JGW (ours) Yes Hard Yes Yes O(TKHNP)
GKHDK-LWV (ours Yes Hard Yes Yes O(TKHNP)
GKHDK-LWO (ours) Yes Hard Yes Yes O(TKHNP)
GKHDK-JLW (ours| Yes Hard Yes Yes O(TKHNP)
GKFDK-GWV (ours) Yes Fuzzy Yes Yes O(TKHNP)
GKFDK-GWO (ours) Yes Fuzzy Yes Yes O(TKHNP)
GKFDK-JGW (ours) Yes Fuzzy Yes Yes O(TKHNP)
GKFDK-LWV (ours) Yes Fuzzy Yes Yes O(TKHNP)
GKFDK-LWO (ours) Yes Fuzzy Yes Yes O(TKHNP)
GKFDK-JLW (ours) Yes Fuzzy Yes Yes O(TKHNP)
K, H, N, and P are defined as before, T represents the number of iterations to stabilize the
algorithms, and R is the number of eigenvalues. L
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Hyperparameter setting

@ the hyper parameter o2 of the algorithms KKM and KFCM was estimated
following Caputo [5].
o 02 = (Quo + Quo)/4, where Qio e Qoo are, respectively, 0.1 and 0.9 de
[xi = x|, 1 # r.
@ the hyper parameter o2 of the algorithms GKFDK e WGKFDK was estimated
following Caputo [5].
0 0% = (Q10 + Qo0)/4, where Q19 e Qg are, respectively,the quantis 0.1 and 0.9
of (Xab — Xed)?, @ # c and b # d.
@ the hyper parameter v of the methods KCM-K-GH e KCM-K-LH were
estimated following Caputo [5] as indicated by the authors.

@ Regarding the methdos KFCM-K-H and KFCM-K-W.2, was defined v =1,
following the authors.
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Hyperparameter setting

@ The parameters m, n (fuzzy algorithms) and v (WFDK) were selected using
a Bayesian optimization with the Optuna library [2];

e The process explores promising regions using the Tree-Structured Parzen
Estimator (TPE) to maximize expected improvement according to a
pre-defined metric;

e Metric used: minimum distance between the prototypes of the blocks.

Number of evaluated configurations: 100;

Clustering algorithms: m € [1.1,3.0];

Co-clustering algorithms: m, n € [1.001, 1.5];

~ hyper parameter of the algorithm WFDK: ~ € [1.001, 1.5].
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@ 14 datasets;

Table 15: Summary of the datasets.

Datasets N P C Source Datasets N P C Source
WDBC 569 30 2 UCI Colposcopy 287 62 2 udl
Breast Tissue 106 9 6 UC Urban 675 147 9 udl
Vehicle 846 18 4 UCI Yale 165 1024 15 Scikit-Feature
Abalone 4177 8 3 UCI Prostate Ge 102 5966 2 Scikit-Feature
Algerian Forest 244 10 2 UCl Glioma 50 4434 4 Scikit-Feature
Sonar 208 60 2 UCI Fetal Health 2126 21 3 Kaggle
Vertebral Column 310 6 2 UCI  Rukiln 27 10 2  Ref. [26]

o All datasets were normalized using the average and standard deviation of the
variables;

@ Each algorithm was executed 100 times with different initializations.

@ Two outputs:

o Average case;
e Best case (according to the value of the objective function). |
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Average solution analysis on real datasets

@ The number of object clusters was set as the true number of classes (C);
o We took K = H;

@ All data values were normalized based on the mean and standard deviation of
the variables;

o Each algorithm was run 100 times with different initializations, and we report
the average value over these 100 runs

@ The maximum number of iterations was fixed as 100 (7 = 100);

@ The convergence hyper parameter ¢ of the algorithms CCMOD, SCC, SBC
and of the fuzzy methods was fixed as 107°.
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Average case - average ranking

T o e L @ The propose method GKHDK-GWV
W 125 (10) 1293 (10) - outperformed all the others algorithms;
KKM 1243 (9) 13.14 (12) = .
KCM-K-GH 1850 (25) 17.29 (22) - @ The variants GKHDK-LWV,
KCCM»K»LH 17.00 Ezo; 16.79 ((21)) —( ) GKHDK-JGW, GKFDK-JGW e
FCM 1357 (13) 1271 (9)  6.07 (3
. KFCM 1179 (8) 1207(7) 543 (2) GKFDK-JLW had a good performance;
§ KFCM-K-H 1086 (27) 18.86(26) 11.20 (13)
5 KFCM-K-W.2  17.00 (20) 17.93 (23) 1120 (13) @ The proposed methods outperformed the
2 EEMOD 15 ég ggg 1;.22 853 = spectral co-clustering methods
& 7 18.79 (25 -
scc 1993 (28)  19.43 (28) B (CCMOD, SCC and SBC) and the
SBC 19.21 (26) 18.93 (27) - algorithm WFDK.
FDK 1729 (22) 1579 (18) 7.71 (11)
\éV;ll:DgK 18.29 5243 18.0 ((24)) 9.71 ((12)) @ The proposed methods also
15.07 (17) 1536 (17)  6.86 (7 .
WGKFDK 1093(5) 871(2)  6.36(5) outperformed th.e algorithms that are
GKHDK-GWV _ 7.86 (1) 7.93 (1) Z able to automatically compute the
GKHDK-GWO 11.64((7)) 13.71 ((14)) = bandwidth (KCM-K-GH, KCM-K-LH,
@  GKHDK-JGW  9.00 (2)  11.64 (6 -
§ GKHDK-LWV  9.79 (3) 9.07 (3) - KFCM-K-H e KFCM'K'W'Z)'
S GKHDK-LWO 14.36 (16) 16.21 (20) = . .
B CKHDKLW 1350 (12) 13.14 (12) _ @ Regarding the metric HUL, the proposed
T GKFDK-GWV 1314 (11) 1150 (5)  6.36 (5) method GKFDK-JLW presented the best
8 GKFDK-GWO 1357 (13) 14.93 (16) 7.0 (8) It
§ GKFDK-JGW  10.79 (4) 1236 (8)  6.21 (4) result;
GKFDK-LWV 1357 (13) 13.07 (11)  7.14 (9) " .
GKFDK-LWO  15.64 (19) 16.14 (19)  7.14 (9) @ The most competitive algorithm among
GKFDK-JLW ~ 11.00 (6)  11.36 (4)  5.29 (1) the state of art methods was the
WGKFDK.
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Best solution analysis on real datasets

@ The number of object clusters was set as the true number of classes (C);

e We took K = H;

@ All data values were normalized based on the mean and standard deviation of
the variables;

@ Each algorithm was run 100 times and the best result was reported according
to the objective function (lowest value)
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Best case - average ranking
Method ARI ACC  HUL
KM 1564 (19) 135 (14) -
M 1329 (11) 12,07 (11) - @ The proposed algorithm GKHDK-GWV
KCM-K-GH 1879 (27) 19.20 (28) - had the b f
KCM-K-LH 17.29 (24) 18.86 (27) - ad the best performance.
FCM 1371 (13) 1214 (12)  6.93 (8) )
KFCM 1229(9) 11.21(6) 5.79 (1) @ The variants GKHDK-JGW,
5 KFCM-K-H 2000 (28) 1843 (26) 115 (14) GKFDK-GWV and GKHDK-JLW had
5 KFCM-K-W.2 1664 (22) 17.86 (23) 10.93 (13)
g DK 15.86 (20) 15.29 (18) - good results.
o o] g -
gggl ° 12 33 E;g gg; % - @ The proposed methods outperformed the
igﬁ e g?; oo g‘;; A spectral co-clustering methods
WFDK 1686 (23) 1757 (21) 843 (12) (CCMOD, SCC and SBC) and the
GKFDK 1386 (15) 14.36 (16)  7.07 (9) algorithm WFDK.
WGKFDK 1143(s) 971(3) 621 (4)
GKHDK-GWV  7.86 (1)  8.79 (1) - @ The proposed methods also
, onnDeowD 1;;’97(24)) 1110-‘;63((150)) - outperformed the algorithms that are
£ GKHDKLWV 1343 (12) 1129(7) - able to automatically compute the
B Gupdle o) moi) - bandwidth (KCM-K-GH, KCM-K-LH,
2 2 10.14 57 =
B OGKFDK-GWV 1214 (7) 9.71(3) 5.6 (2) KFCM-K-H e KFCM-K-W.2).
& GKFDK-GWO 1103 (6) 15.14(17) 6.5 (5)
8 GKFDKJGW  1221(8) 13.14(13) 5.3 (3) @ The method KFCM presented the best
& GKFDK-LWV 1379 (14) 1129(7)  6.86 (7) performance regarding the metric HUL.
GKFDK-LWO 15,50 (18) 1650 (20) 7.5 (10)
GKFDK-JLW 1293 (10) 1157 (9)  6.71 (6)
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Average time of execution

GKFDKJLvY 15,36 @ In terms of execution time, KM,
GKFDK-LWO | 16.00
GKFDK-LwV N 10.80 KKM, KCM—K'GH, and KCM—K—LH
R I M outperformed the other algorithms.
GKFDK- GV I 9. 31
GKHDK-JLW il 2.05
GKHDK-LWO |l 2.90
OKHDKLWY I 1.77 @ The proposed hard methods were
GKHDK-)GW -l 3.17 o
N id — P much faster than the corresponding
o R 0.9 proposed fuzzy methods.
GKFDK [ 10.77
WFDK I 4.78 .
D S — .73 @ The proposed variant GKFDK-JLW
SCC-0.04 - o
ceMoD 10.05 had the greatest execution time,
0.51 H
KrcM W 032 followed by the algorithm
K an 023 GKFDK-LWO.
FCM{0.33
KCM-K-LH10.02
K o 100 @ The proposed method GKHDK-GWV
k1001 was, on average, 4 times faster than
0.0 25 50 7.5 10.012.515.0 17.520.0 the a|g0rithm WGKFDK.
Average execution time (s)
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Scalability

@ Assess the scalability of the algorithms with respect to execution time
e Caso 1: P =1000 and N € {1000, 2000, ..., 10000};
e Caso 2: N = 1000 and P € {1000, 2000, ..., 10000};
o Synthetic data (K = H = 4) using block latent model [12].

@ The proposed hard variants demonstrated low execution times, even when
applied to large datasets

o GKHDK-GWYV scales more efficiently compared to the state-of-the-art
WGKFDK algorithm

@ The proposed fuzzy variants exhibited longer execution times;
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WDBC dataset

o WDBC dataset contains 569 objects, described by 30 variables from digitized
images of a breast mass, obtained through a common procedure in oncology
to diagnose cancer

@ These objects are labeled in two classes: benign, with 357 examples, and
malignant, with 252 examples;

@ This dataset was normalized based on the mean and standard deviation of
the variables;

@ Each algorithm was run 100 times and the best result was reported according
to the objective function (lowest value)
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Table 16: Prototypes provided by the proposed algorithms on WDBC dataset.

GKHDK-GWV

GKHDK-GWO

GKHDK-JGW

Variables

Variables

Variables

Cluster 1 Cluster 2

Cluster 1 Cluster 2

Cluster 1 Cluster 2

Objects Cluster 1 -0.567 -0.417 -0.375 -0.529 0.089 0.722
Cluster 2 0.876 0.238 -0.175 0.520 -0.434 -0.563
GKHDK-LWV GKHDK-LWO GKHDK-JLW
Variables Variables Variables
Cluster 1 Cluster 2 Cluster 1 Cluster 2 Cluster 1 Cluster 2
Objects Cluster 1 -0.568 -0.416 0.533 0.134 -0.464 -0.587
Cluster 2 0.852 0.234 -0.581 -0.464 0.220 0.754
GKFDK-GWV GKFDK-GWO GKFDK-JGW
Variables Variables Variables
Cluster 1 Cluster 2 Cluster 1 Cluster 2 Cluster 1 Cluster 2
Objects Cluster 1 0.223 0.856 0.533 -0.175 -0.433 -0.593
Cluster 2 -0.415 -0.564 -0.525 -0.420 0.089 0.707
GKFDK-LWV GKFDK-LWO GKFDK-JLW
Variables Variables Variables
Cluster 1 Cluster 2 Cluster 1 Cluster 2 Cluster 1 Cluster 2
Objects Cluster 1 0.785 0.205 -0.255 -0.566 -0.168 -0.582
Cluster 2 -0.582 -0.426 0.105 -0.119 0.199 0.773

@ The prototypes provided by the proposed algorithms are well separate

@ The clustering obtained corresponds to the a

José Nataniel & Marcelo Ferr 0 Carvalho

priori classes

ClIn/UFPE & DE/UF




Results for the WDBC dataset
0e00

Bandwidth

@ The bandwidth hyperparameters are associated with the variability of objects
or variables within data blocks

@ When the bandwidth parameter is defined by variables, the closer the objects
are to the block prototypes concerning a variable, the lower the value of the
width hyperparameter for that variable;

@ A small value indicates that within that block, the objects in that variable are
more compact, and this variable is more relevant to the block to which it
belongs;

o Likewise, if the bandwidth parameter is defined in terms of objects, the closer
the variables are to the block prototypes concerning an object, the lower the
value of the width hyperparameter associated with this object

@ |t means that a small value indicates that within that block, the variables in
that object are more compact, and this object is more relevant to the block
to which it belongs
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Figure 1: Width hyperparameter values of the variants hard global variants (GKHDK-GWV, GKHDK-GWO)
on WDBC dataset.
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Bandwidth

Figure 2: Width hyperparameter values of the variants hard global variants (GKHDK-GWV, GKHDK-GWO)
on WDBC dataset.
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Concluding Remarks
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This presentation showed hard and fuzzy co-clustering methods that automatically
learn the bandwidth parameters of the Gaussian kernel

We define the structure of the bandwidth parameter not only in terms of variables
but also in terms of objects (the models group both simultaneously)

These bandwidth parameters can be the same for all clusters, varying only with
respect to objects or variables (global methods), or they can also vary across
clusters (local methods)

In local methods, when the bandwidth parameter is defined in terms of objects,
these are different for each variable cluster

Likewise, when the bandwidth parameter is defined in terms of variables, these are
different for each object cluster

Main advantage: they compute the value of the bandwidth parameters according to
the data (no previous tunning step or heuristic-based estimates)

Furthermore, this parameter is not unique for the entire dataset, but different for
objects, variables, or both

The methods can rescale the objects and variables separately, according to their
distribution; in the local case, also according to the distribution in each variable
cluster and object cluster
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Concluding Remarks

@ The results showed the effectiveness of the proposed algorithm;

e When applied to real datasets, they achieved an overall satisfactory
performance;

e The variant GKHDK-GWYV outperformed the other algorithms both in the
analysis of the best solution and in the analysis of the average case

o It was demonstrated the effectiveness of this model in practical applications,
as well as its robustness about random initialization

o the variants GKHDK-JGW and GKHDK-JLW obtained also good results

o All proposed methods obtained better or competitive results regarding previous
clustering algorithms that also compute the bandwidth hyperparameters

e All the proposed methods outperformed the spectral co-clustering methods

@ Future Research
e the proposed fuzzy methods are very sensitive to the choice of the m and n
parameters, One idea to tackle this problem is to develop methods based on
entropy regularization
e The proposed methods require prior knowledge of the number of clusters of
objects and variables. In future work, we plan to study ways of choosing these
parameters
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