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1 Background

* Representation Learning (RL) involves automatically finding the features or
representations of data useful for predictive tasks.
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e Matrix Factorization (MF) is a technique to decompose a matrix into a product
of matrices, revealing hidden structures in data.

* By decomposing data into simpler matrices, it reveals the underlying structure
or patterns that are essential for representation learning.
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I 1 Background

* The “Orthogonal constraints” of matrix decomposition theories.

* Advantages:
* Ensures the independence of latent dimensions;
* removes redundant information;
* improves the efficiency of representation learning;




I 1 Background <

* The “Orthogonal constraints” of matrix decomposition theories

* Advantages:

Ensures the independence of latent dimensions;
removes redundant information;

improves the efficiency of representation learning;

* Disadvantages:

When manipulating representations, the orthogonality of the representation

space can be easily disrupted, affecting the effectiveness of subsequent models;
Naturally introduces constraints, thereby increasing the number of
representational elements.
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I 1 Background ¢

* The “Orthogonal constraints” of matrix decomposition theories

* Typical Example: Singular Value Decomposition, SVD
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v' U and V have inherent constraints, say U=

[ulr Uy, ..., ur] :

. (a) full SVD
_(1Li=]
Y= 002 -
) r N r VT
M A = M
| r N
N r
v For column orthogonal matrices with 7 columns, (b) reduced SVD

normality introduces 7 constraints, orthogonality I k «[yT
MEA| ~ M -
N k

introduces r(r — 1) /2 constraints, thus r(r + 1) /2
(c) truncated SVD
constraints in total.



I 2 Methodology applied =

* In order to solve existed problems, we are going to use Givens
Transformation to construct the representation space.

* For arbitrary vector W = (w{,w,, ..., wm)T, 1 < k <i<m,Givens matrix is

defined as Ty 0 0 0
0 c d 0
Gri=| .. Ii—g—1 :
0 —d c 0
0 0 0 Iyl
where, ¢ = ‘S”T" = €050y, d = :VT = sinby;, (g = W2 + w?)1/2) posed in (k, i) and (i, k).

*  Gi;W represents a counterclockwise rotation of the vector x in the (i, j) plane
of 0 radians :
GriW = (Wq, .., W1, Ski» - » Wi—1, 0, .. )T;
*  Thus G1,G1m-1) -- G12W = (5,0, ...,0)7, where s = (W5 + wj + - + w3) /2,
* For normalized vector and k = 1:

G1mG1iim-1) - G12W = (1,0, ..., 0)T.



I 2 Methodology applied .

* Givens Transformation of Column Orthogonal Matrices

* For column orthogonal matrix A € R™", there are[(mXxr) — r(r +
1)/2]Givens matrices(k = 1,2,...,r; i = k+1, k+2,...,m) that satisfy:
(GY‘mGr(ru—l)'--Gr(r-{-l))-"(G2"1G2(m.—1)---G23)

_ I,
(GlruGl(rn—l)'“Glz)A — [O(,,l_r)xr] )

* Inverse Transformation of Column Orthogonal Matrices

« Storing [(mXxr) — r(r + 1)/2]Givens matrices, we can get A € R™*" :

_ (AT T T T T I,
A = (GhGb.-G1n) (G 1) Gy +2)...G,,,,)[ Otmeryr |



I 3 Constructing embedding

space

Based on that, we can easily acquire an enhanced version of SVD (E- SVD) a
method eliminating all redundancies in SVD matrices and enhancing SVD
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(1) The number of storage units
SVD compression:

(m+n+1)-1[

(2) The freely valued elements of
orthonormal column matrix U:

m-1-05%1-(+1);

(3) The freely valued elements of
orthonormal column matrix V :

n-l-051-(+1);

(4) The nonzero elements of
diagonal matrix 2: I;

(5) The number of storage units
after E-SVD:

m+n-1)-1L.

[1] Wang H, Zhang Y, Zhao J. Enhancing the SVD compression losslessly[J]. Journal of Computational Science, 2023, 74: 102182. 7



I 3 Constructing embedding space

Storage ratio analysis
* We can use Storage Ratio (SR) to indicate the ratio of the reduced storage units
to that of the original matrix. ; 4

: : : ' '
SVD Compression I 1
m — W MXN el :
< X Using /< r XER’ Pom U 1 z b vr
: NX)=(m+n+1)=1 -
8 ey : = = :
H " ot H
I -
T 4_| Givens transformation
100%4 & oy
> s | R e i | iR
4 \ mn . H
1 " . = ©
i \ sn(svn)=1—(m+"m:])" : E-SVD I DpR)=(m+n+1)+l-(U+1)+1L
! \
1 4
; Y
50% 1 ' o
| N
I %
I L
5 | S
| R
; SR =0 et | e
i by !
i : !
i ! !
i : !
i i m+n+1| : !
4 = I
! d mn : :
1 s !
i : !
f ! [
1 1 r 1 i

[1] Wang H, Zhang Y, Zhao J. Enhancing the SVD compression losslessly[J]. Journal of Computational Science, 2023, 74: 102182. 8



I 3 Constructing embedding space

Storage ratio analysis
* We can use Storage Ratio (SR) to indicate the ratio of the reduced storage units
to that of the original matrix. ; 4

v" The SVD compression would fail to

compress data in some situations.
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I 3 Constructing embedding space

Storage ratio analysis
* We can use Storage Ratio (SR) to indicate the ratio of the reduced storage units
to that of the original matrix.

v The SVD compression would fail to N . SVD .......... S s
compress data in some situations. :

v To clearer refer to the limitationof ~ ~ | * i R = < N { ; { .
SVD compression, we would denote [0 : :
as the [ where SVD compression fails,

m-n |
mrn+1d |

v" When SVD fails, E-SVD can still

compress the data and use only 75%
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amount of information.
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Experimental Evidences
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I 3 Constructing embedding
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I 3 Constructing embedding space

Experimental Evidences
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I The invertibility of embedding

* Origin from a problem in digital watermarking:

[2] Zhang Y, Wang H, Zhao J. Eliminating orthonormal constraints of SVD to guarantee full retrievability of blind watermarking[J].

—{ U, DI < IU, G, |

Multimedia Tools and Applications, 2023: 1-27.

— W(@i,j) =0 }——l

/) S |4
E-06 |E-06 | 23 | 80 0.997809 | 5.61E-08 | -0.06616 | 6.55-08 | [83.42]| 0 [ 0 | © 1.39E-08 |-1.00E+00 | -5.86E-07 | -5.00E-07
i=116 |E06| 4 |E-06|E-06| Apply i 1.55E-08 ;-5.00E-07 | 1.22E-06 | 1.00E+00 0 |6.000 0 | O 1.35E-08 |-5.00E-07 | 1.25E-06 | 1.00E+00
i=55 | 6 |E-06|E06|E06| SVD i1.59E-08 i-1.00E+00 |-6.09E-07 | -5.00E-07 0 | o [4651] O 2.80E-01 |-5.58E-07 | 9.60E-01 |-1.21E-06
E-06 |E06| 6 | 4 0.066161 |-6.07E-07 | 0.997809 | -1.22E-06 0 | o | o [4000 [0.960041 | 1.77E-07 | -0.27986 | 3.38E-07
X y
Uo
E-06 | E-06 23 80 9.98E-01 | 5.61E-08 |-6.62E-02 | 6.55E-08 .
Revise U
1.02E-06| 4.00 |0.4669 | 1.6018 | Reverse| i 2-00E-02 ;-5.00E-07 | 1.22E-06 1 using rule
6.0000 [9.77E-07|-0.4669 | -1.6018 SVD -2.00E-02 1 -6.096-07 | -5.006-07 | of [12] with
T=0.04.
E-06 | E-06 6 a4 0.066161 | -6.07E-07 | 0.997809 | -1.22E-06
X
Apply SVD
. v Uy Sl Vi
-9.97E-01 | 2.00E-02 |-6.62€-02 | -2.00E-02| [83.46| 0 [ 0 | © 1.44€-03 | 1.00E+00 | -5.87E-07 | -4.81E-04
-2.00E-02 } 7.24E-04 | 1.22E-06 | 1.00E+00 o 6000 0 | 0 -9.60E-04 | 4.83E-04 | 1.25E-06 | 0.999999
2.01E-02 | 1.00E+00 | -6.10E-07 | -3.21E-04 0 | o [ae51 0 -2.80E-01 | 4.05E-04 | 9.60E-01 |-2.70E-04
-6.61E-02 | 1.33E-03 | 0.997809 | -1.33E-03 0| 0 | 0 [3992] [-9.60E-01] 1.39E-03 | -0.27986 |-9.22E-04 =
22

13




I The invertibility of embedding

Watermark Embedding
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I The invertibility of embedding

Watermark Extraction
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SVD

Calculate the

number of
positive

elements p in AO.
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[2] Zhang Y, Wang H, Zhao J. Eliminating orthonormal constraints of SVD to guarantee full retrievability of blind watermarking[J].
Multimedia Tools and Applications, 2023: 1-27.
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I The invertibility of embedding

Experiment results — Robustness comparison
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[2] Zhang Y, Wang H, Zhao J. Eliminating orthonormal constraints of SVD to guarantee full retrievability of blind watermarking[J].

Multimedia Tools and Applications, 2023: 1-27.
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I The sensitivity of embedding

» If the matrix 1s an image, are there any connection between the change of an
image and the change of corresponding 67



I The sensitivity of embedding

» If the matrix 1s an image, are there any connection between the change of an
image and the change of corresponding 67

Recall our purpose that to detect image change quickly,

U=GLGLGGLGLGL I o S
2131741 F32+42 743 it is reasonable to use the 1-rank approximation of a as

cosOyy  —sinf 0 0] fcosOs; 0 —sinfs 0 the analysis object, then we can reconstruct a using .
_|sinf21  cosf2; 0 0 0 1 0 0
0 0 L 0] fsinds1 0 cosfs 0 a11 =A1(cosBa1cos031c0s041) Y (cosBaicoshsicosbar) Y,
0 0 0 1 0 0 0 1
_ . ) a . U \'4
cosbyy 0 0 —sinfy][t 0 0 0 dg1 =A1(sinfa1cos031c05041) ™ (cosOz1cosb31cos041) ",
0 1 0 0 0 cosl3p —sinf32 0 N ) U 74
0 P 0 0 sinfsy  cosdss 0 asz1 =A1(sinf31c0s041) - (cosb21cosb31cos041) ",
[sinfyy 0 0 cosfy [ [0 O 0 1 41 =A1(sinb41) Y (cosO21cos031c05041) Y,
1 0 0 0 (1 0 0 0 |
0 cosbsz 0 =—sinfsz|(0 1 0 0 |y, Inorder to figure out that when a changes, which 6
g _ 00 (1) 09 g g c‘_’sg‘“ _3"2943 would be more indicative, it is naturally for us to
Sin cos Sin coSs . . . .
- 2 211 . s think about calculating derivatives.
Uil w1z w3 U4
_|#er w2z w2z u2s d(d41) =21(cosBs1) Y (cosbyycosBs3qcos41)”
us1 U3z u3z  usgl’ U , U, . v
ug wsy wss uag -d(047) + A1(sinf41) ~ (—sinfz1cos631cosb41)

. d(GZ‘;) + A1 (sinfs;) Y (—cosBy1sinfs3qcosfsy) ¥
+d(03;) + A1 (sinBa1) Y (—cosBy1cosf31sinba) ¥ - d(6)))

[3] Zhang Y, Zhao J. B is all you need: Revisiting SVD in caputuring changes in matrices[C]//Proceedings of the 2022 5th 18
International Conference on Algorithms, Computing and Artificial Intelligence. 2022: 1-9.



I The sensitivity of embedding

If the matrix 1s an image, are there any connection between the change of an

image and the change of corresponding 67

Specifically, we can find out for some elements, their total differentials are not depend on all
angles, i.e. only relates to specific angles. Typically, elements in the forth line satisty.

d(d41) =A1(cosOyq) U(c03921 cos031c0s047) v
. d(Gg) + A1(sinf41) U(—sin021c03931 cosf41) v
-d(05)) + A1 (sinf41) Y (—cosBz;sinfs1cosbyy) Y
+d(0),) + A1 (sinfa1) Y (—cosBz; cosbs1sinfysr)V - d(6)))
d(da2) =A1(cosO41)Y (sinb21cos031cos041) Y
. d(Gg) + A1 (sinfyy) U (cosBy1cos031c0s047) v
. d(GZ‘;) + A1(sinf41) U(—sin921sin931003941)V
-d(03)) + A1(sinfa1) Y (—sinBz1cos031sinb41)V - d(0)]
d(ds3) =M1(cosa1)Y (sinf31c0s041)" - d(6]])
+ A1 (sinfa1) Y (cosb31cos041)V - d(6Y,)
+ A1(sin041)Y (—sinf31sinfa1) ¥ - d(6);)
d(das) =A1(cos041)Y (sinfs1)" - d(6,7)

+ A1 (sinfa1) Y (cosba1) Y - d(0}y),

19



I The sensitivity of embedding

If the matrix 1s an image, are there any connection between the change of an
image and the change of corresponding 67
d(d41) =A1(cosOyq) U(c03921003031c03941)v
. d(Gg) + A1 (sin941)U(—sin921cos931 cosf)V
. d(92‘;) + A (sin941)U(—coseglsin031 c03641)V
+d(6),) + A1 (sinfs1) Y (—cosBz; cosbs1sinfysr)V - d(6)))
d(da2) =A1(cos041)Y (sinb21cos031c0s041)"
. d(Gg) + A (sin941)U(003021c03931003941)v
. d(Gz‘;) + A1 (sin941)U(—sin021sin931c03941)v
-d(03)) + A1 (sinfa1) Y (—sinBz1cos031sinba1)V - d()]
d(ds3) =M1(cosba1)Y (sinf31c0s041)" - d(6;])
+ A4 (sin041)U(003931c03941)V . d(9;;)
+ A1(sinfa1) Y (=sinb31sinfa1)V - d(6}))
d(d44) =A1(cos041) Y (sinfs1) ¥ - d(0

+ A1 (sinbg1) Y (cosfa1)” - d(6))),

It is evident that, among all elements in @, @** is the most “independent” one, which means that
its perturbation can be completely captured by only two 6, i.e., 6 f{ 1 and QX 1- 20



I The sensitivity of embedding

* Proposed change detection scheme

Constructed Block a

: I
A e gron | Fadding P €
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) DR « B
I | I o | | o I (- :
[ R I i . i T Lk VA :
Changed Region A I ¢ :
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......................................................... : 8 :
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\ ¢ ) ’

[3] Zhang Y, Zhao J. B is all you need: Revisiting SVD in caputuring changes in matrices[C]//Proceedings of the 2022 5th 21

International Conference on Algorithms, Computing and Artificial Intelligence. 2022: 1-9.



I The sensitivity of embedding

 Simulation Result

EE
Simulated
Image

Detected _

changed pixels . = A
=i

Detected »

changed region o
EE
Median IOU 0.7960 0.8075 0.6192 0.6469
[3] Zhang Y, Zhao J. B is all you need: Revisiting SVD in caputuring changes in matrices[C]//Proceedings of the 2022 5th 22

International Conference on Algorithms, Computing and Artificial Intelligence. 2022: 1-9.



I The sensitivity of embedding

e Real Result

[3] Zhang Y, Zhao J. B is all you need: Revisiting SVD in caputuring changes in matrices[C]//Proceedings of the 2022 5th
International Conference on Algorithms, Computing and Artificial Intelligence. 2022: 1-9. 23



|6 Summary

Representation learning based on Givens transformation and its applications

= The construction of embedding space

4 Theoretical Methodology
4 Compression Analysis
= The invertibility of embedding space
¢ Real Problem in Digital Watermarking
4 Novel Watermarking Scheme
= The sensitivity of embedding space
# Theoretical Deduction

4 Experimental results
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