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Subspace learning grounds

x; ~ UUTx;, with U € St(p, k) 2 {U e RP** | UTU =T}
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Can we find the best U?

Khan data: n = 2308 genes expression of tumors of n = 63 patients, with 4 cancer classes

PCA MSPCA 121
L] 1]
n % 10 L]
L] . .{ o ! ".. .
i ‘.o . : s a . 5 . s |'...
pc3 oo vt p3 0 O
0 . O o L T
’ . -5 LIS o
10 ’ 10 1T :.
-0 2 2 15 e *
—_— =
-20yg -5
P55 D R ¥ 0,70 2 w205 s 5 0 5-10150

Khan et al,, “C

n and diagnostic prediction of cancers using gene expression profiling and artificial neural networks,

Nature medicine, 2001



Intro
oOomoO

Can we define the best U?

I
w0

e Design the objective function f
e Solve the constrained minimization problem

Analyze the expected performance, convergence speed, etc.

Apply the result to some data
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In this talk

v Design
o Generalize fitting costs from PCA to robust variants
o Motivating sparse PCA and sparsity promoting penalties
v/ Solve
o Quick panorama of optimization methods for St(p, k)

X Analyze
X Apply

v Try something else

o False discovery rate driven variable selection in SPCA



How to design a new “PCA”
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Principal component analysis (PCA)

“Vanilla” PCA of rank k
e Singular value decomposition (SVD) of the data matrix x = [x1, -+, x,] € RPX"
x ¥ [uju  pvT
e Loading vectors U < St(p, k)

e Principal components x¥ = UTx; € R*

e Projected data %; = Ux* = UU'x;
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Beyond “vanilla” PCA

Generalizing PCA?

e Find a model or framework that yields PCA as a solution

-
w0

e Leverage corresponding tools and extensions
minimize §(U)

UESt(p,k)

A major motivation: being robust to heavy-tailed distributions and outliers
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Probabilistic and Bayesian PCA

e Signal plus noise model
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o Probabilistic PCA “MLE of U defines f"

s~N(0,%,) and n~ N(0,0%0)
=  x~N(0,UZ,UT +021)
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e Extensions by changing assumptions & 0 St \,
o Elliptical model for x, s, orn 1 NO‘NV%/ 1
0

o Prior distribution on U directional statistics .
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Geometric PCA

¢ Euclidean distance from x to span(U)

dist(U,x) = vx'x —xTUUTx

e Geometric PCA

n

minimize dist? (U, x;)
vest(p,k)
=

o Extensions using alternate distances

o Robust costs: fU) = S0, p(dist?(U, x;))

T
Least-squares

Huber
Cauchy
GMC
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Algebraic PCA

e Low-rank approximation
min%{mize I|1X - Y%

subject to rank(Y) =k

e Extensions using alternate decompositions/structures
e Low-rank plus sparse recovery (Robust PCA)
e Matrix completion (missing entries)
e Non-negative matrix factorization

e Additional structure in the principal components — SPCA?
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Sparse PCA



Why Sparse PCA?

Recalling

e Loading vectors U = [uy, ..., ux] € St(p, k)

e Principal components
[f{i]j = uszi eR

e The jth-PC is a linear combination of initial variables weighted by the loading vector

Loading vectors should be sparse

e Improved PC’s interpretation

e Double duty: dimension reduction & variable selection



SPCA
oom

Sparse PCA from the optimization point of view
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e fisa ﬁtting cost cf. many examples

e his a sparsity-promoting penalty mimics ¢;- or £5 ;-norm
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Optimization on St(p, k)
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Existing solutions

e Solution #1: Riemannian optimization on St(p, k)

BOU23 Boumal, “An introduction to optimization on smooth manifolds,” Cambridge University Press, 2023
ABS09 Absil, Mahony, Sepulchre, “Optimization algorithms on matrix manifolds,” Princeton Univ. Press, 2009

EDE98 Edelman, Arias, Smith, “The geometry of algorithms with orthogonality constraints,” SIMAX, 1998

e Solution #2: Majorization-Minimization ticks

KIEO2 Kiers, “Setting up alternating least squares and iterative majorization algorithms for solving various
matrix optimization problems,” Computational statistics & data analysis, 2002

BRE21 Breloy et al. “MM on the Stiefel Manifold With Application to Robust Sparse PCA”, IEEE TSP, 2021

e Solution #3: ADMM splitting tricks

BRE23 Brehier et al. “Robust and globally sparse PCA via MM and variable splitting,” ICASSP, 2023

UEM19 Uematsu, Fan, Chen, Ly, Lin, “SOFAR: Large-Scale Association Network Learning,” IEEE Trans. on IT, 2019
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#1 Riemannian optimization

Tools from differential geometry
e Manifold M, tangent spaces Ty M
e Metric (-, -)o
e Retraction Ry : Ty M — M

Riemannian gradient descent

(grad . f(0), £)e = Df(O)[E]
Oir1 = Ro,(—tigrad,f(6;))

Pros: elegant, generic and flexible framework, links with information geometry

Cons: ca be tedious and computationally expensive, no convincing proximal method (yet?)
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#2 Majorization-Minimization

Majorize fat x, by a surrogate g

fx) < g(xxi)

Minimize g to iterate f@en) < f@)

Xi11 = argmin. g(x|x;)
xeX

Pros: super fast (in time), covers a large class of functions

Cons: yet not universal, has to be tailored (or proxy the objective)
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#2 Majorization-Minimization framework for St(p, k)

Proposal in BRE21
e A systematic trick to deal with orthonormality
e A catalog of surrogates for usual costs
e Applications to probabilistic and sparse PCA

Majorize fon St(p, k) by a linear surrogate
g (UJU") = —2Re {Tr{R{.U}} + const.

Minimize g on St(p, k) < Projection

Ut = Py, {RE) =
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#3 (\M)-ADMM and distributed algorithms

Variable splitting
mil%ilglize f(U) + £ (V)

subject to U € St(p, k)
U=V
Cyclic updates over {U, V, T'} on augmented Lagrangian problem
minimize £, (U) + £, (V) +4||U = V||% + (T, U - V)

{U;}€St(p,k),V

Pros: generalization to distributed setting, splits problems into simple ones

Cons: relaxation trick, still requires to handle U with previous methods

19



Some experiments
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Optimization benchmark

Robust subspace recovery

It d-StQ U 5
Tty ;F’H( ist*(U, x;))

with Huber loss

t/VT if <T
{2\/2 VT ift>T

— compare iterative algorithms

21



Experiments

Different algorithms (and computational bottlenecks)
LER17 Quadratic MM, data matrix version rank-k SVD(p x n)
Uttl = Pk{Zt}, with [Zt]:,i =4/p (dist2 (U‘,zi))zi
MARO5 Fixed point heuristic, covariance matrix version rank-k SVD(p x p)

Ut =P, {M (UY)}, with M (U?) = Z,Z]

MANO2 Steepest descent on Stiefel xthin-SVDs(p x k)
Ut = Pgy {U + v V(U }, with the right v

MANo2 Newton method on Stiefel (p x k)2 system
Ut = P {U! + Y}, with Y = cpoint(U?, V(U?), Hy(U?))

DINO6 Procrustes-MM thin-SVD(p x k)

Ut = pg, {M (UY) U'}
22



Objective value (-optimal value) versus CPU time
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Experiments
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= Steepest (Armijo)
— Steepest (e = 107 2)
Steepest (e = 1073)
= Newton method
s |R LS

Procrustes-MM

19~ 19=¢ 1@~ o= 10° 10!

Time (seconds)

(p = 30, k= 5, n = 100)
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Average CPU time of an iteration versus size and rank
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Robustness and sparsity

minimize Z p(dist* (U, x;)) 4+ Ak (U)

UeSt(p,k) =
o Fitting ¢ Penalty
o Least-squares p(z) = = o “PCA" x=0
o Huber Loss pj(x) o SPCA ) +# 0 + his smooth-£;
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Subspace recovery

1
Sampling
{Xl}?:l = {{Xlin Zinh {XO t}z nm-&-l}
X"~ CN(0,SNR x UUH +1) L 0.8 /
Pl —*—RSPCA 75 (A = 0)
xout ~ CN(O, ONR x ULUf + I) i (/ e nerea :’rz O 1)
T &
. RSPCA 79 (A = 3)
Metric ‘ , —&— RSPCA 79 (A = 10)
. . 0.6 '
AFE = E Tr{UHUUHU}/k} 50 100n 150 200

p =100, k= 10, SNR = 10, dense loadings
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Subspace recovery

Sampling y

An in Min out1n 0.9 % i “ N
{Xl =1 {{X z—17{x = n,n+1}

in H L
X ~ CAN(0,SNR x UUH 1 1) 2 o8] S——
x°%  ~ CN(0,0ONR x U U +1) —*—RSPCA 79 (A = 0)
07l —6—RSPCA 1y (A = 1)
Metric RSPCA 79 (A = 3)
—&— RSPCA 1y (A = 10)
AFE=E Tr{f}HUUHfJ}/k} 06 50 100 150 200

n, p = 100, k = 10, SNR = 10, sparse loadings
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Robustness to outliers
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FDR controlled SPCA
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Sparse PCA: EV vs SP trade-off

SP vs AFE

Limitation ==
—— SPCArt
0.5 —— rSVD

e SPCA is only driven by explained variance (EV)
e Not always relevant for variable selection
e Might capture high EV outliers

New point of view in this work

e Links with SPCA T R
e Focuses on variable selection step
e Reformulates the optimization with promising criterion

FDR =“% of allowed false variable selection”

30
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Back to the roots of Sparse PCA

Inspiration:

Zou, Hastie, Tibshirani, “Sparse principal component analysis,” ). of computational and graphical statistics, 2006

2-step SPCA given pre-computed plug-in PCs X
minimize ||X — UTX||% + \||U];
UeSt(p,k)
Relaxation of orthogonality constraint — series of k elastic-net problems
minimize [|[X]], = XTBjl[% + AIGII* + MlIBjlh

J

Sparse loading vectors Uspca = [B1, - .., B4

31
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T-Rex PCA: motivations

SPCA boils down to solve k problems

minimize ||[X]], — X7 Bjl|% + AlIBjl1* + MlIBjla

Bj

and tune ), to achieve a good SP-vs-EV

Can we change the paradigm?

e move away from this trade-off
e have guarantees on false-discovery-rate

e be more computationally efficient

We are going to ask all of this to the T-Rex &

32
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False Discovery Rate (FDR) and True Positive Rate (TPR)

# samples: n

# candidate variables: p > n
e Active variables: A C {1,...,p} <« the “true” support of our loadings
Selected variables: A C {1,...,p}

A\
1V |A]

|Amﬁ|}

FDR:]E[FDP]:IE{ VA

} and TPR:E[TPP]:E[
Goal

max TPR st FDR < ¢,
A

where «: € [0, 1] is the user-defined target FDR level.
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Terminating-Random Experiments (T-Rex): the ingredients

e LARSalgorithm
o Solves LASSO or Elastic-Net iteratively

o Produces a sequence of selected variables

¢ Terminated random experiment
o Append L dummies to X := [X; X] usually ~ A(0,1)

o Apply LARS and stop when 7' dummies are selected

e T-Rex selector
o Run term. rand. exp. in parallel and vote for A threshold v & (0.5, 1]

o FDP can be estimated at this step
o Calibrate 7"and v to maximize TPP and achieve desired FDR target

34



T-Rex
[n[u]n(n(u]s] [s]u[u]s]

T-Rex Selector

y
1 1L . s [T T+1
" Xy (X Xi] S| Cuu(T)
@ - - @ ® No
= X, [X Xz] 8 Co,.(T) 2
I ) - -
a 5 % ﬁ o O\ Yes AOUtpUti
40_'3 % £ E FDP > o~ AL(U*7 Tw)
o < g S
% X X )O(K] T Cko(D) E i
IG) ©
L~ I = a€10,1]
Initialize: T=1 = |

e L € Ny generated dummies e T € {1,..., L} included dummies before stopping

e v € [0.5,1) voting level e & 1(j) relative occurrence of variable j AL(v, T) = {i: @700 > v}
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Back to Sparse PCA

Inspiration:

Zou, Hastie, Tibshirani, “Sparse principal component analysis,” ). of computational and graphical statistics, 2006
2-step SPCA given pre-computed plug-in PCs X

minimize ||X — UTX||% + \||U];
UeSt(p,k)

Relaxation of orthogonality constraint — series of k elastic-net problems

minimize Il G2+ M8l =

J

Sparse loading vectors Uspca = [B1, -- -, Ok
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Cleaning PCA with the T-Rex Selector
Setup (see setup in R pack. scPCA): 4 Classes, n =

Standard PCA

re1

(a) FDP = 1, TPP = 1,#Var = 150.

Sparse PCA

abets

Pe1

(h) FDP ~ 0.9, TPP = 0.5,
HVar = 48.

T-Rex, tFDR: = 0.5 / 2

pe2

Oracle PCA

=

pc1

(g) FDP = 0, TPP = 1, #Var = 10.

taels
e
()

T-Rex, tFDR: = 0.1 / 2

taels
w1

(f) FDP ~ 0.09, TPP = 1,

#var = 11

T-Rex
[n[u]n(n(u]s[als] [u]s]

T-Rex, tFDR: = 0.3 / 2

T-Rex, tFDR: = 0.2 / 2

abeis
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More experiments
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i & 5
180 2 120 ;
160+ — ~ 100
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R e - RS [ g
O - e 5 P d: T-Rex PCA —(>- Oracle Thresh. PCA|| =
w0~ E:ZEZ:ZaJRex PCA (- Oracle Thresh. PCA g - Pzgg::d: ex PCA 0> Orafe rzs g 2 o Proposed: T-Rex PCA
20 | TRexThiesn.pca =7 Ordinary PCA S 207 |4 T-RexThresh.pca =¥~ Ordinary PCA 5 —~y~ Ordinary PCA
’ Ordinary PCA o Ordinary PCA o ~ . .
ol |7+ Oracle SPCA - (Sig‘"f'{mx) ol | Oracle SPCA - (Sig + Mix) o &~ Ordinary PCA (Sig + Mix)
135 10 20 30 40 50 40 7 -3 0 3 7 10 i 5 10 15 20 25 30 35 40 45 50
#PCs SNR (dB) Target FDR
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Experiments on the 28 most influential S&P 500 stocks

Ll
ORI S OTA D AT ROLNS T o BRI SR NP QR kOB 8O
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Raw covariance matrix T-Rex SPCs removed PCs removed
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Covered so far

v Design
o Generalize fitting costs from PCA to robust variants
o Motivating sparse PCA and sparsity promoting penalties
v/ Solve
o Quick panorama of optimization methods for St(p, k)

X Analyze
X Apply
v Try something else

o False discovery rate driven variable selection in SPCA
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rate controlled variable selection. In ICASSP 2024-2024 |IEEE International Conference on Acoustics, Speech
and Signal Processing (ICASSP) (pp. 9716-9720). IEEE.

Brehier, H., Breloy, A, El Korso, M. N, & Kumar, S. (2023, June). Robust and globally sparse PCA via
majorization-minimization and variable splitting. In ICASSP 2023-2023 IEEE International Conference on
Acoustics, Speech and Signal Processing (ICASSP) (pp. 1-5). IEEE.

Collas, A, Bouchard, F, Breloy, A, Ginolhac, G, Ren, C., & Ovarlez, J. P. (2021). Probabilistic PCA from
heteroscedastic signals: geometric framework and application to clustering. IEEE Transactions on Signal
Processing, 69, 6546-6560.

Breloy, A, Kumar, S., Sun, Y, & Palomar, D. P. (2021). Majorization-minimization on the Stiefel manifold with
application to robust sparse PCA. IEEE Transactions on Signal Processing, 69, 1507-1520.

T-Rex demo page https://cran.r-project.org/web/packages/TRexSelector/vignettes/TRexSelector_usage_and_simulations.html
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