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PCA

Geometrical point of view

Maximize the variance of the projected points
Minimize the reconstruction error

= Approximation of X of low rank (S < p)
~ ~ 1 /
1Xnxp — XnXpH2 SVD: X" = Unx5/\§xsvpxs

F=UA: principal components

V principal axes

Alternating least squares algorithm: || X — FV/||2
F=XV(V'V)!
V = X'F(F'F)"!
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PCA

Model in PCA

xjj = signal + noise

e Random effect model: Factor Analysis, Probabilistic PCA
(Lawley, 1953, Roweis, 1998, Tipping & Bishop, 1999)
= individuals are exchangeable
= relationship between variables

o Fixed effect model (Lawley, 1941, Caussinus 1986)
= individuals are not i.i.d
= study the individuals and the variables

e sensory analysis (products - sensory descriptors)
e plant breeding (genotypes - environments)
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PCA

Fixed effect model

Xn><p = Xn><p + Enxp

Xij = Ya_1 Vdsqisris + i, € ~N(0,02)

Randomness due to the noise

Individuals have different expectations: individual parameters

Inferential framework: when n * the number of parameters *
= Asymptotic: ¢ — 0

A

Maximum likelihood estimates (6) = least square estimates
EM algorithm = ALS algorithm
= Not necessarily the best in MSE

— Shrinkage estimates: minimizes E(¢f — 0)>
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Regularized PCA
®0000

Minimizing the MSE

~ S
Xij = Kij + €ij = Yoo X5 + €jj

min(n—1,p) 2
MSE = E(Z( Z (;SSA(S ;-) ) with X \/>u,svjS

1

ij \s=1 s=5+1

S 2 min(n—1,p) )
e (5 (S -a) + 7 o))

Foralls > S +1, "(s) = 0, therefore ¢s11 = ... = Pmin(n—1,p) = 0.
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Regularized PCA
O@000

Minimizing the MSE

s 2
MSE = E (Z <Z¢S§(i(js)_>?,-j> ) with x \/7u,5\/15

ij \s=1

b = Zi,jE(&i(jS))%fj: ZuE(f('('s));(ij

ZUBET) o (v + (B6)°)

2

When o — 0: B(%") = %7 (unbiased); V(3{) = —
(Pazman & Denis, 1996; Denis & Gower, 1999)
~(s)?
bs = I,J Xij
D e Tk
ij mm(n 1;p) ij ’.I
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Regularized PCA

[e]e] lele}

Minimizing the MSE

xj = Kij +€ij = Yooy Vsqistis + i 1 i ~ N(0,07)

2
MSE = E (Zi,j (Zf:l ¢s>A<,-(js) - >"<U) ) with x

<(5)?

b = iJ Xij
s — 5)2
ZIJ mln(n 1;p) + Z i Ij

ds

npo? + ds

min(n—1;p)
variance signal
variance total

V AsUjs Vjs

fors=1,...
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Regularized PCA
[e]e]e] lo}

Regularized PCA

S
>A(,'IJ?CA = Z\/Ysuisvjs
s=1

S
. As — 6 ™ Z &2
X,SPCA — < S ) UISV_/S — <\/)\75 — \/)\7> Uists
s=1 s

s=1

Compromise between hard and soft thresholding
o2 small — regularized PCA ~ PCA
o2 large — individuals coordinates toward the center of gravity

RSS ”§

A2 5= S+1

T _ X ‘U -\

ddl —p— — +52+5 ( ' ' )

(only asympt unbiased)
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PCA Regularized PCA Results

[e]e]ele] }
00000

lllustration of the regularization

sim v sim :
4%10 :X4><]_0+64><10 sim = 1,,1000

TRUE

AVERAGE

= rPCA more biased less variable
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Regularized PCA
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Outline

o PCA
® Regularized PCA

e MSE point of view
e Bayesian point of view

Y =XB+e¢, e~ N(0,0%)
B~ N(0, 72)
AMAP — (XX + k)7IX'Y, with k = 0272

© Results
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Regularized PCA

O@000

Probabilistic PCA (Roweis, 1998, Tipping & Bishop, 1999)

= A specific case of an exploratory factor analysis model
Xjj = (ZnXSB;)XS)U +¢ejj, zj ~ N(0,Is), i ~ N(0, Uz]lp)

e Conditional independence : xj|z; ~ N(Bz, I,)

e Distribution for the observations:
xi ~ N(0,%) with ¥ = BB’ + 021,

o Explicit solution:

o 57 = o SZS S+1
o B=V(-o2s)}
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Regularized PCA

00e00

Probabilistic PCA

xij = (ZnxsB)ys)i + €ijs zi ~ N(0,1s), e ~ N(0,0°I,)

= Random effect mpdel: no iAndAividuaI parameters
= BLUP E(z;|x;): Z = XB(B'B + 0°Is)~!

pPCA _ 7B’

>

Using B = V(A — 02I5)2 and SVD X = UAY/2V/ — XV = AL/2U

S ~2
XPPCA _ y(A — 215)A 2V &EPCA => <\/T - U) UisVjs
pat Vs

Bayesian treatment of the fixed effect model with an a priori on z;:
= Regularized PCA
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Regularized PCA

[e]ele] o}

Probabilistic PCA

= EM algorithm in pPCA: two ridge regressions

= EM algorithm in PCA: two regressions || X — FV/'||2

F=XV(V'V)!
V = X'F(FF)™!
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Regularized PCA

[e]e]e]e] }

An empirical Bayesian approach

S
Model: x;; = Z)?,g-s) +ei, g5 ~N(0,0°)
s=1

Prior: %) ~ N(0,72)

2

Posterior: E (%{9]x(*)) = 04x) with &, = Ts
osterior (XU g > X W ° T52+min(n1—1;P)U
Maximizing the likelihood of <x- ) ~ N(0,72 + m02) as a

function of 72 to obtain: 7% = (nip)\s - mq)

_ np 52
As min(nfl;p)a

d. =
s )\s
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Simulation design

The simulated data:
X=X+¢

Vary several parameters to construct X:
e n/p: 100/20 =5, 50/50 = 1 and 20/100 = 0.2
e S underlying dimensions: 2, 4, 10
e the ratio dy/d>: 4,1

ejj is drawn from a Gaussian distribution with a standard deviation
chosen to obtain a signal-to-noise ratio (SNR): 4, 1, 0.8

Results
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Results

Soft thresholding and SURE (Candés et al., 2012)

min(n,p)

F = 3 (Vh) s X=X N
Choosing the tunning parameter A\? MSE()\) = E||X — SVT,(X)||?
= Stein’s Unbiased Risk Estimate (SURE)

min(n,p)
SURE(SVTA)(X) = —npo® + >~ min(A\?,X;) + 20°div(SVT,)(X)
= )\ is obtained minimizing SURE. Remark: 62 is required
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Simulation study

Results

n/p S SNR dy/dp | MSE(XPCA X) [ MsE(XPCA X) [ mse(XSURE Xx)
100/20 4 4 4 8.25E-04 8.24E-04 1.42E-03
100/20 4 4 1 8.26E-04 8.25E-04 1.43E-03
100/20 4 1 4 2.60E-01 1.96E-01 2.43E-01
100/20 4 1 1 2 47E-01 2.04E-01 2.62E-01
100/20 4 08 4 7.41E-01 4.27E-01 4.36E-01
100/20 4 08 1 6.68E-01 4.40E-01 4.83E-01
50/50 4 4 g 5.48E-04 5.48E-04 1.04E-03
50/50 4 4 1 5.46E-04 5.46E-04 1.04E-03
50/50 4 1 4 1.75E-01 1.53E-01 2.00E-01
50/50 4 1 1 1.68E-01 1.52E-01 2.09E-01
50/50 4 0.8 4 5.07E-01 3.87E-01 3.85E-01
50/50 4 0.8 1 4 67E-01 3.76E-01 4.13E-01
20/100 4 4 g 8.28E-04 8.27E-04 1.41E-03
20/100 4 4 1 8.29E-04 8.28E-04 1.42E-03
20/100 4 1 4 2.55E-01 1.97E-01 2 45E-01
20/100 4 1 1 2 48E-01 2.04E-01 2.60E-01
20/100 4 08 4 7.13E-01 4.15E-01 4.37E-01
20/100 4 08 1 6.66E-01 4.34E-01 4.78E-01

MSE in favor of rPCA



Simulation study

Results

n/p S SNR di/dy | MSE(XPCA X) | mMse(X'PCA X) | mse(XSURE k)
100/20 4 4 g 8.25E-04 8.24E-04 1.42E-03
100/20 4 4 1 8.26E-04 8.25E-04 1.43E-03
100/20 4 1 4 2.60E-01 1.96E-01 2 43E-01
100/20 4 1 1 2.47E-01 2.04E-01 2.62E-01
100/20 4 08 4 7.41E-01 4.27E-01 4.36E-01
100/20 4 08 1 6.68E-01 4.40E-01 4 .83E-01
50/50 4 4 4 5.48E-04 5.43E-04 1.04E-03
50/50 4 4 1 5.46E-04 5.46E-04 1.04E-03
50/50 4 1 4 1.75E-01 1.53E-01 2.00E-01
50/50 4 1 1 1.68E-01 1.52E-01 2.09E-01
50/50 4 08 4 5.07E-01 3.87E-01 3.85E-01
50/50 4 0.8 1 4.67E-01 3.76E-01 4.13E-01
20/100 4 4 1.41E-03
20/100 4 4 1 8.29E-04 8.28E-04 1.42E-03
20/100 4 1 4 2.55E-01 1.97E-01 2.45E-01
20/100 4 1 1 2 48E-01 2.04E-01 2 60E-01
20/100 4 4 4.37E-01
20/100 4 08 1 6.66E-01 4.34E-01 4.78E-01

rPCA > PCA when SNR is small - rPCA ~ PCA when SNR is high



Simulation study

Results

n/p S SNR di/dy | MSE(XPCA X) | mMse(X'PCA X) | mse(XSURE k)
100/20 4 4 g 8.25E-04 8.24E-04 1.42E-03
100/20 4 4 1 8.26E-04 8.25E-04 1.43E-03
100/20 4 1 2.43E-01
100/20 4 1 2.62E-01
100/20 4 08 4 7.41E-01 4.27E-01 4.36E-01
100/20 4 08 1 6.68E-01 4.40E-01 4.83E-01
50/50 4 4 4 5.48E-04 5.43E-04 1.04E-03
50/50 4 4 1 5.46E-04 5.46E-04 1.04E-03
50/50 4 1 4 1.75E-01 1.53E-01 2.00E-01
50/50 4 1 1 1.68E-01 1.52E-01 2.09E-01
50/50 4 08 4 5.07E-01 3.87E-01 3.85E-01
50/50 4 0.8 1 4.67E-01 3.76E-01 4.13E-01
20/100 4 4 4 8.28E-04 8.27E-04 1.41E-03
20/100 4 4 1 8.29E-04 8.28E-04 1.42E-03
20/100 4 1 4 2.55E-01 1.97E-01 2.45E-01
20/100 4 1 1 2 48E-01 2.04E-01 2.60E-01
20/100 4 0.8 4 7.13E-01 4.15E-01 4.37E-01
20/100 4 08 1 6.66E-01 4.34E-01 4.78E-01

rPCA > rPCA when d; > d»



Simulation study

Results

n/p S SNR di/d» | MSE(XPCA X) [ MSE(X'PCA X) | mse(XSURE x)
100/20 4 4 g 8.25E-04 8.24E-04 1.42E-03
100/20 4 4 1 8.26E-04 8.25E-04 1.43E-03
100/20 4 1 4 2.60E-01 1.96E-01 2.43E-01
100/20 4 1 1 2.47E-01 2.04E-01 2.62E-01
100/20 4 0.8 4 7.41E-01 4.27E-01 4.36E-01
100/20 4 08 1 6.68E-01 4.40E-01 4.83E-01
50/50 4 4 g 5.48E-04 5.08E-04 1.04E-03
50/50 4 4 1 5.46E-04 5.46E-04 1.04E-03
50/50 4 1 4 1.75E-01 1.53E-01 2.00E-01
50/50 4 1 1 1.68E-01 1.52E-01 2.09E-01
50/50 4 0.8 4 5.07E-01 3.87E-01 3.85E-01
50/50 4 08 1 4 67E-01 3.76E-01 4.13E-01
20/100 4 4 4 8.28E-04 8.27E-04 1.41E-03
20/100 4 4 1 8.29E-04 8.28E-04 1.42E-03
20/100 4 1 4 2.55E-01 1.97E-01 2.45E-01
20/100 4 1 1 2.48E-01 2.04E-01 2.60E-01
20/100 4 08 4 7.13E-01 4.15E-01 4.37E-01
20/100 4 08 1 6.66E-01 4.34E-01 4.78E-01

Same order of errors for n/p = 0.2 or 5, smaller for n/p = 1!



Simulation study

Results

n/p S SNR di/dy | MSE(XPCA X) | mMse(X'PCA X) | mse(XSURE k)
100/20 4 4 g 8.25E-04 8.24E-04 1.42E-03
100/20 4 4 1 8.26E-04 8.25E-04 1.43E-03
100/20 4 1 4 2.60E-01 1.96E-01 2 43E-01
100/20 4 1 1 2.47E-01 2.04E-01 2.62E-01
100/20 4 4 7.41E-01 4.27E-01
100/20 4 1 6.68E-01 4.40E-01
50/50 4 4 4 5.48E-04 5.43E-04 1.04E-03
50/50 4 4 1 5.46E-04 5.46E-04 1.04E-03
50/50 4 1 4 1.75E-01 1.53E-01 2.00E-01
50/50 4 1 1 1.68E-01 1.52E-01 2.09E-01
50/50 4 4 5.07E-01 3.87E-01
50/50 4 1 4.67E-01 3.76E-01
20/100 4 4 4 8.28E-04 8.27E-04 1.41E-03
20/100 4 4 1 8.29E-04 8.28E-04 1.42E-03
20/100 4 1 4 2.55E-01 1.97E-01 2.45E-01
20/100 4 1 1 2 48E-01 2.04E-01 2 60E-01
20/100 4 4 7.13E-01 4.15E-01
20/100 4 1 6.66E-01 4.34E-01

SURE good when data are noisy



Results

Simulation from Candes et al. (2012)

e Same model of simulation
e n =500 p =200, SNR (4, 2, 1, 0.5), S (10, 100)

S SNR | MSE(XPCA X) | mMsSE(X"PCA X) | mse(XSURE x)
0 4 4.31E-03 4.29E-03 8.74E-03
10 2 1.74E-02 1.71E-02 3.29E-02
10 1 7.16E-02 6.75E-02 1.16E-01
10 05 3.19E-01 2.57E-01 3.53E-01
100 4 3.79E-02 3.69E-02 4.50E-02
100 2 1.58E-01 1.41E-01 1.56E-01
100 1 7.29E-01 4.91E-01 4.48E-01
100 05 3.16E400 1.48E400 8.52E-01
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PCA Regularized PCA Results
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Individuals representation

100 individuals, 20 variables, 2 dimensions, SNR=0.8, di/d, = 4
True configuration PCA

Xtilde

PCA
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PCA Regularized PCA Results
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Individuals representation

100 individuals, 20 variables, 2 dimensions, SNR=0.8, d;/d>» = 4
PCA rPCA

PCA rPCA
° °
56
69, e, T8 “s6
1o . e
o
22, 7 2
e 3, "53352'550.53 N
" 7ie @1 8L .
P o S PR S S A
] 55 2 * i I
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o | e |
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10 5 0 5 10 10 5 0 5 10
s 1 Avis 1
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PCA Regularized PCA Results
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Individuals representation

100 individuals, 20 variables, 2 dimensions, SNR=0.8, d;/d>» = 4
PCA SURE

PCA SURE
° °
M . ® P
w4 6 w7 19 w
192, 88
22 %0 *38 150 %
1 3 16 75 g * 93N w3
o % 68 e 34 56
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PCA Regularized PCA
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Results

Individuals representation

100 individuals, 20 variables, 2 dimensions, SNR=0.8, d;/d>, = 4

True configuration

rPCA

Xtilde PCA
“ 64
9 . 9 80 %8
* . 292 . .
16 9 8, g8 428, e -3§ 56 6. e, T %6
2 . T 41558 99 o, - © g
. Tome Ja e ate2is 553" 1o P, e atis
° 83 89° ¢ N S a7 e 02 e o g5 78 B BES
P : 5 . o J PR L
2 . L3 ey 57 o 65" 80665 00t E N0
2 LR T B s $ I
. 8 e .
it LU I L g i
.92 . . 0 _ .
61 z " 27 o 7 i
21 :
T T T T T T + T T
10 5 0 5 10 10 5 0 5 10

Axis 1

s 1

= Improve the recovery of the inner-product matrix XX’
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PCA

Axis2

Variables representation

Regularized PCA

00000
00000

Results

True configuration PCA
PCA
cor(X7, Xg)= 1 0.68
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PCA Regularized PCA Results

00000
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Variables representation

PCA rPCA

PCA PCA
19
s
2
17
o | e d
19
18
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17
o o o o ]
P v 3
H o H
8
14 9
13 2 8
14
16 L 2
S e — 4 g T
T—12 2 0
15 15
10 P
3
] 7
w0 | 7 o |
< T T T e T T T
00 05 10 15 0.0 05 1.0 15
Ads 1 i 1

cor(X7, Xo)= 0.68 0.81
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PCA Regularized PCA Results
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Variables representation

PCA SURE

PCA SURE
19
18
20
17
& o w 19
2 31 P 18
E 9 2 17!
20
s
14
T 9
16 s
d
o 4 o e
° e ° %0
T
15 0T
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Axis 1 Avis 1

cor(X7, Xo)= 0.68 0.82
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PCA

Axis2

True configuration

Regularized PCA

00000
00000

Variables representation

rPCA

rPCA

15

Axis 1

cor(X7, Xg)=1

0.81

= Improve the recovery of the covariance matrix X'X

Results
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PCA Regularized PCA Results
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Real data set

e 27 chickens submitted to 4 nutritional statuses

e 12664 gene expressions
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PCA

Regularized PCA
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Real data set

e 27 chickens submitted to 4 nutritional statuses

12664 gene expressions
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Results
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PCA Regularized PCA Results
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Real data set

e 27 chickens submitted to 4 nutritional statuses

e 12664 gene expressions
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PCA Regularized PCA Results
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Bi-clustering from rPCA better find the 4 nutritional statuses!
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PCA Regularized PCA
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Real data set

SPCA

PCA

Bi-clustering from rPCA better find the 4 nutritional statuses!

Results
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Results

Conclusion

= Recover a low rank matrix from noisy observations

e singular values thresholding: a popular estimation strategy

e a regularized term a priori: <\/)\i — j—;) Minimize MSE -

Bayesian fixed effect model

= Good results in term of recovery of the structure, the distances
between individuals and the covariance matrix and in term of
visualization

e Asymptotic results

e Tuning parameter: the number of dimensions — CV?

e Regularized MCA (Takane, 2006)
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